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PREFACE- 



The excellent treatises on Algebra, which have been 
prepared by Professor Smyth and Professor Davies, 
containing as they do the best improvements of 
Bourdon and other French writers, would seem to 
leave nothing to be desired in this department of 
mathematics. The form, however, adopted in Eng- 
lish works of instruction, of dividing the subject as 
much as possible into separate propositions, is prob- 
ably the best adapted to the character-of the English 
pupil. This form has, therefore, been adopted in 
^ the present treatise, while the investigation of each 
j^ proposition has been conducted according to the 

^ French system of analysis. 

^ Great care has been taken in the choice of exam* 

^ pies, and free use has been made of Meier Hirsch's 
"O • selection of problems. The principal aim has, in- 
^'^ deed, been to communicate that mechanical dexterity 
in the use of symbols, which is so important to the 
expert algebraist, and without which great progress 
in the higher branches of the science is almost im- 
possible. 

As this work is one of a Course of Mathematics, 
all subjects have been excluded from it, which do 
not strictly come within its limits. This will ac« 
count for the omission of the indetermiruUe analysiSy 



IV PRErACC. 

which is referred to the Theory of JN'wmhers ; for 
that of the theory of combinationSy which is referred 
to the Doctrine of Chances ; and for that of the de^ 
velopment of fractions atid logarithms into serieSy 
which is referred to the Theory of Functions. 

The polynomial theorem of Arbogast, in art. 137, 
which, in be'auty and facility of application, rivals 
the binomial theorem of Newton, will probably be 
new to most readers, as it is believed never before 
to have found its way into an elementary treatise. 
No apology need be made for the length of its demon- 
stration to one, familiar with the original investiga- 
tions of Arbogast, or who reflects upon its generality 
and unavoidable intricacy ; the learner will, however, 
find it less complex than it appears to be ; and, at 
any rate, he may easily become familiar with the 
use of the theorem, even if be find the demonstra- 
tion too abstruse. 

The peculiar class of equations, introduced in 
article 118, being examples 10, 11, 12 of that arti- 
cle, will probably be as new to most readers, as they 
were to the author ; exhibiting the singular peculi- 
arity of being reduced in degree by the process of 
elimination. These examples might have been mul- 
tiplied to any extent, and are by no means acciden- 
tal in their formation. 

BENJAMIN PEIRCE. 
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CHAPTER I. 

Fundamental Processes of Algebra. 

SECTION 1. 

Definitions and Notation. 

1. Algebra, according to the usual definition, is 
that branch of mathematics in .which the quantities 
considered are represented by the letters of the alpha- 
bet, and the operations to be performed upon them 
are indicated by feigns. . In this sense it would em- 
brace almost the whole science of mathematics, ele- 
mentary geometry alone being excepted. It is, con- 
sequently, subject in common use to some limitations, 
which will b6 more easily understood, when we are 
farther advanced in the science. 

2. The sign -f- is called plus or morej or the posi- 
tive sign, and placed between two quantities denotes 
that they are to be added together. 

Thus 3 -f- 5 is 3 plus or more 5, and denotes the sum of 
3 and 5. Likewise a -|- 6 is the sum of a and b, or of the 
quantities which a and b represent. 

1 
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Signs of Addition, Subtraction, Multiplication, and Division. 

3. The sign — is called minus or less, or the nega- 
tive sign, and placed between two quan^tities denotes 
that the quantity which follows it is to be subtracted 
from the one which precedes it. 

Thus 7 -^ 2 is 7 minus or less 2, ai^d denotes the remain* 
der after subtracting 2 from 7. Likewise a— ^ is the re- 
mainder afler subtracting b from a. 

4. The sign X is galled the sign of multiplication, 
and placed between two quantities denotes that they 
are to be multiplied together. A poitit is often used 
instead of this sign, or, when the quantities to be 
multiplied together are represented by letters, the sign 
may be altogether omitted. 

Thus 3 X 5 X 7, or 3 . 5 . 7 is the continued product of 
3^ 5, and 7. Likewise 12 X a X 6, or 12 . a . b, or 12 a b, 
is the continued product of 12, a, and b, 

5. The factor of a product is sometimes called its 
coefficient, and the numerical factor is called the nu- 
merical coefficient. When no coefficient is written, 
the coefficient may, be considered to be unity. 

Thus in the expression 15 a 6, 15 is the numerical co* 
efficientpf a b ; and in the expression x y, 1 may be regarded 
as the coefficient ot xy, 

6. The continued product of a quantity multiplied 
repeatedly by itself, is called the power of the quan- 
tity ; and the number of times, which the quantity 
is taken as a factor, is called the exponent of the 
power. 

The power is expressed by writing the quantity 
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Coefficient: Power. Root. 

once with the exponent to the right of the quanity, 
and a little above it. When no exponent is written, 
the exponent may be considered to bei unity. 

Thus the fiflh power of a is written a^, and the exponent 
of a may be regarded as 1. 

7. The root of a quantity is the quantity which, 
multiplied a certain number of times by itself, pro- 
duces the given quantity ; and the indea: of the root 
is the number of times which the root is contained as 
a factor in the given quantity* 

The sign a/ is called the radical sign, and when 
prefixed to a quantity indicates that its root is to be 
extracted, the index of the root being placed to the 
left of the sign and a little above it. The index 2 is 
generally omitted, and the radical sign, without any 
index, is regarded as indicating the second or square 
root. 

I 
2 

Thus^ <\/a or <\/a is the square root of a, 

3 

V ^ ^ ^1^6 third or cube root of a, 
\/a is the fourth root of a, 

n 

\/a is the nth root of a. 

8. The signs -f- and : are called the signs of divis- 
ion, and either of them placed between two quantities 
denotes that the quantity which precedes it is to be 
divided by the one which follows it. The process of 
division is also indicated by placing the dividend over 
the divisor with a line between them. 

Thus, a -r- 6, or a : 6, or ? denotes the quotient of a di- 
vided by 6. 
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Signs of Equality and Inequality. Algebraic Quantity. 



9. The sign ^ is called equal to, and placed be- 
tween two quantities denotes that they are equal to 
each other, and the expression in which this sign 
occurs is called an equation. 

Thus, the equation a ss=^ denotes that a is equal to b. 

10. The sign > is called greater than, and the sign 
< is called less than; and the expression in which 
either of these signs occurs is called an inequality. 

Thus, the inequality a > 6 denotes that a is greater than 
b ; and the inequality a Kb denotes that a 4s less than b ; 
the greater quantity being always placed at the opening of 
the sign. 

11. An algebraic quantity is any quantity written 
in algebraic language. 

12. An algebraic quantity, in which the letters are 
not separated by the signs + and — , is called a momn 
mial, or a quantity composed of a single term, or sim- 
ply a te7^m. 

Thus, 3 a2, — 10 a^x are monomials. 

13. An algebraic expression composed of several 
terms, connected together by the signs + and — , is 
called a polynomial, one of two terms is called a bi- 
nomial, one of threiB a trinomial, <fcc. 

Thus, a2 -j- 6 is a binomial, 

c -{- X — y is a trinomial, &c. 

14. The value of a polynomial is evidently not 
aflfected by changing the order of its terms. 

Thus, fl — ^6 — c-^d is the same as o — c — 6 -{- rf, or 
n^j — b — c, or — 6 + cf+ii — c, &c. 



U A 
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Degree, Dimension, Vinculum, Bar, Parenthesis, Similar Terms. 

15. Each literal factor of a term is called a dimen- 
sion) and the degree of a term is the number of its 
dimensions. 

The degree of a term iSj therefore, found by taking 
the sum of the exponents of its literal factors. 

Thus, 7 X is of one dimension, or of the first degree ^ 
5 a^ 6 c is of four dimensions, or of the fourth degree, dz.c. 

. 16. A polynomial is homogeneous^ .when all its 
terms are of the same degree. 

Thus, 3a — 26-|-cis homogeneous of the first degree, 
8 a 35 — 16 a^ 6^ -|- 6* is homogeneous of the fourth degree. 

17. A vinculum or bar — -, placed over a quan- 
tity, or a parenthesis ( ) enclosing it, is used to ex- 
press that all the terms of the quantity are to be 
considered together. ' 

Thus, (a-f-6-f-c) X c^is the product ota-^h^chyd, 

^z2 -|-y», or ^{x^ +y*) is the square root of a:* +y^* 

The bar is sometimes placed vertically. 



x + Sa^ 

3 
2d 



X' 



Thus, a 

— ih 
+ 3c 

is the same as 



x« — 3 c 

+ 4rf 
— 1 



18. Similar terms are those in which the numerical 
coefficients being neglected, the literal factors are 
identical. 

ThuSj 1 ah and — 3 a 6 are similar terms^ 

and — ^a^ h » and S a* h^ are similar ; 

but 2 a^ &3 and 2 a^ 6^ are not similar. 

1* 
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Reduction of Polyoomiala. 

19. The terms of a pplynomial which are preceiled 
by the sign -f- are called the positive terms, and those 
which are preceded by the sign — are called the n^or 
tive terms. 

When the first term is not preceded by any sign it 
is to be regarded as positive. 

20. The following rule for reducing polynomials, 
which contain similar terms, is too obvious to require 
demonstration. 

Find the sunti of the similar positive terms by ced- 
ing their coefficients , and in the same way the sum 
of their similar negative terms. The difference of 
these sums preceded by the sign of the greater, m^y 
be substituted as a single term fin* the terms from 
which it is obtained. 

When these sums are equal, they cancel' each other , 
and the corresponding termsi are to be omitted. 

Thus, a2 6 — 9 a 62 4- 8ii2 6 4- 5 c — 3 a2 6 + 8 a 6» — 
2a2 6-|-c-|-a62— 8 c is the same as 8 a^ 6 — 2 c. 

CXAMPLES. 

1. Reduce the polynomial 10 a* -|" ^^* + ^ ^* — <** — 
5 d* to its simplest form. Ans. 13 a*. 

2. Reduce the polynomial 5 a* 6 -|- 3\^a b^c — 7 a 6 -J" 
I7ab + 2s/ab2 c — 6a^b^8\^ab^ c — i0ab + 9a^b 
to its simplest form. Ans. 8 a* 5 — 3 \/a b^ c. 

3. Reduce the polynomial 3 a — 2 a — 7/-f"3/+2a 
+ 4/ — 3 a to its simplest form. Ans. 0. 
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Addition. 



SECTION II. 

Addition. 

21. Addition consists in finding the quantity equiv- 
alent to the aggregate or sum of several different 
quantities. 

22. Problem. To find the sum of any given quan" 
tities. 

Solution. The following solution requires no de- 
monstration. 

The quantities to be added are to be written after 
each other with the proper sign between them, and the 
polynomial thus obtained can be reduced to its sifnr 
plest form by art 20. 

EXAMPLES* 

1. Find the sum of a and a. Ans. 2 a. 

2. Find the sam of 11 x and Qx. Ans, 20 z. 

3. Find the sum of 11 x and — 9x. .Ans, 2x. 

4. Find the sum of —^ 11 a; and 9 x.' Ans, — 22. 
6. Find the sum of — 11 x and — 9a;. Ans. — 20i. 

6. Find the sum of a and — b. Ans. a -—6. 

7. Find the sum of — 6/, 9/, 13/, and — 8/. Ans. 8/. 

8. Find the sum of — 12 &, — 4 6, and 13 b. Ans. — 36. 

9. Find the sum of \/x + cix — aft, ab — \/x + 2 y, 
ax-j-xy — 4a 6, \/x+ \^^ — * ^^^ ^y + ^y+ax. 

Ans, 2 V«+8a« — 4a6-|-4ary— X. 



g ALGEBRA. • [CH. I. "^ III. 



Subtraction. 



10. Find the sura of 7 x^ — 6 ^/^+5x^ % + 3— ^^ 

— 12— 3V^ ~^ — g 

— x2+ v'* — 3x3 2; — 1 + 75- 
— 2x2 + 3 v^x+ 3x3^ — 1— ^ 

Am, 4x2 4-3v^ +^ + ^^- 



SECTION III. 
Subtraction. 

I 

23. Subtraction consists in. finding the difference 
between two quantities. 

24. Problem. To subtract one quantity from an- 
other. 

Solution, Let A denote the aggregate, of all the positive 
terms of the quantity to be subtracted^ and B the aggregate 
of all its negative terms ,* tben A — jB is the quantity to 
be subtracted, and let C denote the quantity from which it 
it is to be taken. 

If A alone be taken from C, the remainder C — A is as 
much too small as the quantity subtracted is too large, that 
is, as much as A is larger than A — B, The required re- 
mainder is, consequently, obtained by increasing C — A by 
the excess of A above A—rB, that is, by B, and it is thus 
found to be C — A^B. 

The same result would be obtained by adding to C the 
quantity A — B, with its signs reversed, so ai to make it 
— il -|- ^« Hence, ' 

To subtract one quantity from another, change the 
signs of the quantity to be subtracted from -{- to — , 
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Multiplication of Monomials. 



and from — ^o +> ^^^ ^^ *^ vnthits signs thus re^ 
versed to the quantity from which it is to be taken. 



EXAMPLES. 



\. From a 

2. From a 

3. From 5 a 

4. From 7 a 
6. From — 19 a 

6. From 12 

7. From — 2 

8. From —11 



take 6-f- c. 



take 
take 
take 
take 
take 
take 
take 



— *• 

— 5 a. 

12 a. 

— 20 a. 

— 7. 
5. 



Ans, a — h — c. 
Ans, a -j- 6. 
Ans. 10 a. 
Ans, — 5 a. 
Ans. a. 
Ans, 19. 
Ans. — 7. 
Ans, 9. 



—20. 

9. From3a~176 — 106+13a— 2a 

take 66 — 8a — 6 — 2a + 3i;-|-9a — 5A. 

" ^An$, 15a — 326 — 3rf + 5A. 

10. Redace 32 a 4- 3 6 — (5 a -f- 17 6) to its ' simplest 
form. Ans. 27 a — 14 6. 

U. Reducea + 6— (2a — 36) — (5a-f 76) — 
( — J3 (f -|- 2 6) to its simplest form, iins. 7 a — 6 6. 



SECTION IV. 

Multiplication. 

25. Problem. To find the continued product of sev- 
eral monomials. 

Solution, The required product h indicated by writing 
the given monomials afler each other with the sign of multi*^ 
plication between them, and thus a monomial is formed, 
which is the continued product of all the factors of the gif en 



10 ALGEBRA. [CH. I. ^ IT. 



Multiplication of Polynomials. 



monomials. But as the order of the factors may be changed 
at pleasure, the numerical factors may all be united in one 
product. 

Hence the coefficient of the product of given mono- 
mials is the product of their coefficients. 

The different powers of the same letter may also ' be 
brought together, and since, by art. 6, each exponent de- 
notes the number of times which the letter occurs as a factor 
in the corresponding term, the number of times which it 
occurs as a factor in the product must be equal to the sum of 
the exponents. 

Hence every letter which is contained in any of the 
given factors must be written in the product^ with an 
exponent equal to the sum of all its exponents in the 
different factors, 

EXAMPLES. 

1. Multiply a 6 by «ff^. Ans. abode. 

2. Find the continued product of 3 aft/ 2 c d, and ef£, 

Ans, 6 abcdefg. 

3. Multiply a*" by a«. Ans, a« + *. 
4.' Find the continued product of 5 a^, a^, 7a^, and 3a«. 

Ans. 105 a2i. 

5. Multiply 7 a^ b^ by 10 a b^ c^d. Ans. 70 a* b^ c^d. 

6. Find the continued product of Sa^b^, a\b^y and 
4a63 c. Ans, ^Oa^b^^c. 

7. Find the continued product of O^bvci, a^b^c% and 

a^. + *b. Ans. a2«+9»5p+r + lc?+*. 

26. Problem. To find the prodtM^t of two polyno- 
mials. 
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Multiplication of Polynomials. 

Solution, Denote the aggregate of all the positive terms 
of one factor by A and of the other by By and those of their 
negative terms respectively by C and D ; and, then, the fac- 
tors are A — C and B -^ D, 

Now, if ^ — C is multiplied . by B it is taken as many 
times too often as there are units in /> ; so that the required 
product must be the product of ^ — Chy B, diihkiished 
by the product of il — Cby D; that is, 

(A — C) {B -^D) = (A — C) B — (A — C) D, 

Again, by similar reasoning, the product of ^ — C hy B^ 
that is, of 5 by ^ — C, must be 

(i4— C) J5 = AB — ^e, 

and that of (^ — C) by D must be 

(A — C)D==^AD — CD; 

and, therefore, the required product is, by art 24, 

(A — C) (B —D) =^ AB — BC— AD -^ CD. 

The positive terms of this product, AB and CD, are ob- 
tained from the product of th6 positive terms A and B, or 
from that of the negative terms — C and — D ; but the 
negative terms of the product, as : — BC and — AD, are 
obtained from the product of the negative term of one factor 
by the positive term of the other, as — C by jB or — Dhy A. 
Hence, . 

The product of two polynomials is obtained by mul- 
tiplying each term of one factor by each term of the 
other, as in art. 25, and the product of two terms 
which have the same sign is to be afected vnth the 
sign +, while the product of two term,s which have 
contrary signs is to be affected by the sign — . 

The result is to be reduced as in art. 20. 
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MultipUcition of PolynomiaW. 

EXAMPLES. 

1. Multiply x^ +y^ by a; -j-y. 

iiws. a;3 -f" ^^ y "h * y^ "f" y^' 

2. Multiply x^ -^ X tf^ ••\- 7 a X by ax -[-5 ax. 

Ans. 6 a 26 -|- 6 a x2 ^5 ^ 42 a2 a;2. ^ 

3. Multiply — a by 6. ' Ans. — ab. 

4. Multiply a by — 6. Ans. — ab. 

5. Multiply — a by — b. Ans. a b. 
' 6. Multiply — r 3 a by 14 c. Ans. — 42 a c« 

7. Multiply —6 as 52 by ^ U ab^c: 

Ans. 66 a* b^c, 

• 

8. Find the continued product of — a, — a, — a, and 
— a. Ans. a*. 

9. Find the continued product of — n^b, e^e, —a, — e ^ x^, 
c, — 2 ax, — SabcXy — 7, and b^ x^. 

, • Ans. 42 a^ b^ c^ e^ x'' . 

10. Find the continued product of 7 aft a;, — ax, — x, 
62a;7,— 2 6, — 3, and— 5a7 b'^x^. 

Ans. —210 0^67 a;i5. 

11. Multiply a -|- 6 by c -|- (/. 

Ans. ac'j'ad^-bc'\-bd. 

12. Multiply a3 + 62 _ ^ by a2 — 63. 

Ans. a^ — a3 63 + a^ 6^ — a^c — 6^ -|- 63c. 

13. Multiply a 4- 6 + c" by a -|- 6 — c. 

Ans. a2-(-2a6 + 62*-c2. 

14. Multiply a:2 — 3 a; — 7 by a; — 2. 

Ans. x3 — 5x2 — x-^-li. 

15. Multiply a^~\-a^ -{- a^ by a^ — 1. Ans. a^ — a^. 

16. Multiply 8 a» 63 + 36 a^ 6* + 54 a^ 65 + 27 a® 6^ 
by 8 a» 63 — 36 a^ 6* -|- 54 a^ 6^ — 27 a^ 6^. 

Ans. 64 ai8 6« — 432 a^^^^ + 972 a^* b^^ — 729 a^s 6^9 



.^ . J 
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Product of Sum and Di£ference ; of Homogeneous Quantities. 

17. Find the continued product of 3x + 2y, 2x — 3y, 
— z -|- y , and — 2 z — y. 

Arts. 12x* — 16x3y — 13a;2y2^1l2;y3^6y*. 

18. Multiply a +^ ^y ^ *~ ^' Arts, a^ — h^. 

19. Multiply 2 a^z + 7 fl2 2-5 by 2 a^z — 7 a^ 2». 

Ans, 4 a6 z2 _ 49 ^4 zio. 

27. Corollary. The continued product of several 
monomials is, as in e?:araples 8 and 9, positive, when 
the number of negative factors is even ; and it is nega- 
tive, as in example 10, when the number of negative 
factors is odd. 

28. Corollary. The product of the sum of two 
numbers by their difference is, as in examples 18 and 
19, equal to the difference of their squares, 

29. Theorem. The product of homogeneous poly- 
nomials is also homogeneous, and the degree of the 
product is equal to the- sum of the degrees of the fac- 
tors. 

i)emonstratian. For the number of factors in >each term 
of the product is equal to the sum of the numbers of factors 
in all the terms from which it is obtained ; and^ therefore, 
"by art. 15^ the degree of each term of the product is equal 
to the sum of the degrees of the faetors. Thus, in example 
16, the degree of each factor is 12, and that of the product 
is 12 + 12 or 24. 
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Diviiion of Monomials. ■ 



SECTION V. 
' Diviiioa. 

30. Problem. To divide one monomial by another. 

Solution. Since the dividend is the product of the* divisor 
and quotient, the quotient must be obtained by suppressing 
in the dividend all the factors of the divisor which are con- 
tained in the dividend, and simply indicating the division 
with regard to the remaining factors of the divisor. Hence, 
from art. 25, ~ 

Suppress the greatest com^non factor of the numeri- 
cal coefficients. 

Retain each letter of the divisor or dividend in the 
term in which it has the greatest exponent, and sup- 
press it in the other term; and give it an exponent 
equal to the difference of its exponents in the two 
terms. But when a letter occurs iti only one term, 
it is to be retained in that term, with its exponent unr 
changed. 

The required quotient is, then, equal to the quotient 
of the remaining portion of the dividend divided by 
that of the divisor, and may be indicated as in art. 8 ; 
or, when the divisor is redv^ced to unity, the quotient 
is simply equal to the remainiiig portion of the divi- 
dend. 

The sign of the quotient must, from art. 26, be the same 
as that of the divisor when the dividend is positive, and it 
must be the reverse of that of the divisor when the dividend 
is negative ; whence we readily obtain the rule. 
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Division of Monomials. 

When the divisor and dividend are both affected by 
the same sign, the quotient is positive; but when they 
are effected by contrary signSy the quotient is nega- 
tive. 

The rule for the signs in both division and multiplication 
may be expressed still more concisely as follows. 

Like signs give + J unlike signs give — . 



EXAMPLES. 

13 6 

1. Divide 65 a b by $ a. . Ans. — — = 13 6. 

a. Divide — 132 a^ b^c by 11 a^ b^. Ans. — 12 a^c 

4 3. Divide 144 a b^ c^ dH by — 112 abH tn, 

9cd9 



Ans, — 



7be^h' 



Ans, 


1 

3 a*' 




Ans, 


il»-». 




3ii" 

r 


^—i»6*^ 


•« 
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4. Divide — 135 by -^ 5 a. Ans, — • 

a 

6. Divide 7 «» x^ by 21 a* x*. 
6. Divide il* by a», 

. 7. Divide — 3 a*" 6» by — 4 oJ* b^ e, Ans, 

8. Divide a by — a, Ans. — I. 

9. Divide — a by a. 4««. — !• 
10. Divide — a by — a. Ans, 1. 

31. Corollary. If the rule for the exponents is applied to 
the case in which the exponent of a letter in the dividend is 
equal to its exponent in the divisor, when, for instance, a" 
is to be divided by ii*, the exponent of the letter m the quo- 
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ExponeDt equal to Zero. Negative Exponents. 



tient becomes zero. But the quotient of a quaotity divided 
by itself is unity. 

Whence any 'quantity with an exponent equal to 
zero is unity. 

Thus, a»-i- fl^ssa^ssa 1. 



32. Corollary, When, in example 6 of art. 30, the expo- 
nent n of a in the divisor is greater than its exponent m in 
the dividend, the exponent m — n in the quotient is negative ; 
and a negative exponent is thu» substituted for the usual frac- 
tional form of the quotient. , 

Thus, if m is zero, we have 

1 

In the same way we should have 
a62c3 -^ a^ h^ c^d= a^h^ c^ -^a^h^ c^ d^ z^a-^c-^d-K 

Any quotient of monomials may thus be expressed 
by means of negative exponents without using frac- 
tional forms. 

EXAMPLES. 

1 . Divide 5 a4 63 c3 rf by 15 a &5 c2 ^ e^ 

Am, 3-^a»6~^rf-2«— ^. 

2. Divide 6 a7 6 by 9 a 67. 

3. Divide 1 by8aii6. 

Ans. J a- "6-1 = 8-1 a- 11 6-^. 

4. Divide 3 by a, Ans. 3 a- '. 

33. Corollary. Quantities, thus expressed by means 
of fractional exponents, may be used in all calcula- 
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Divisioii of Poljrnomials. 



tions, and may be added, subtracted, multiplied, or 
divided by the rules, already given, the signs being 
carefully attended to. . 

EXAMPLES. 

1. Findthesumof 7a-3+9.d«6"-i»— 6a6--V, — 3a-3, 

Aim. 5fl-3^5a6-«c«. 

2. Reduce the polynomial 9a-36-2c4 — 7^0-3 -|_ 

^ 3 cx — 5 . 2^) to its simplest form. 

Am. l0a-n-2c^ + lla-36— 8a*6«— 2c* + 2.25. 

3. Multiply a—** by a". Ans. a— «»+» =0" — '*. 

4. Multiply a* by a— ". Ans. a"* — ". 

5. Multiply a"*" by a—K An^ ar"""" = a — ('»+"). 

6. Find the continued product of 11 a^^, -^2a-^ 4a6, 
and— 9a7. Ans.T^cfi. 

7. Find the tx>ntinued product of 2 a —3, 7a-^®, and 

42 

— 3a®. ^ 4n5. — 42a-6 = 

• ao 

8. Find the continued product of 5 i^ b—^, 10 a^ b^ c, and 

— 3a7. A«5. — 150 ai2 6 c. 

9. Multiply — l3a-i6c-'3by_4a-3 6-6c2. 

Ans. 52 a-^b-^c-K 

10. Divide a "-~ by a», il w. a "- * — " = a — ("• + ">. 

11. Divide il* by ^", Ans. 0"* + ". 

12. Divide a""* by a— ». 4ii5, a — »»+* ==: a"^'*. 

13. Divide 14a-86c3rf-ieby2fl6-3c5rfA. 

ilw, 7a-964c-9d~9<A^i. 

14. Divide — 3i««by 2ii« + »6c-», 

2* 



18 ALSEBBA. [CH. t ^ y^ 

Division of Polynomials. 

' 34. Problem, To divide one polynomial iy an^ 
other. 



I 



Solution. The term of the dividend, which contains the 
highest power of any letter^ must be the product of the term ! 

■ 

of the divisor which contains the highest power of the same > 

letter, multiplied by the term of the quotient which coQtaii» 
the highest power of the same letter. 

A term of the quotient is consequently obtained by 
dividing, as in art, 30, the term of the dividend which 
contains the highest power of any letter by that term 
of the divisor which contains the highest power of the 
same letter. 

But the dividend is the sum of the products of the divisor 
by each term of the quotient ; and, therefore, 

If the product of the divisor by the term just found 
is subtracted from the dividend, the remainder must 
be equal to the sum of the products of the divisor by 
the remaining terms of the quotient, and muy be used 
as a new dividend to obtain another term of the quo^ 
tient* 

By pursuing this process until the dividend is cw- - 
tirely exhausted, all the terms of the quotient may be 
obtained. 

It facilitates the application of this method to ar^ 
raiige the terms of the dividend and divisor according 
to the powers of some letter, the term which contains 
the highest power being placed first, that which con-^ 
tains the next to the highest power being placed nexty 
and so on. 
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Divisioo of Polynomials. 

EXAMPLES. 

1. Divide — 16aa2;3^a6^642;6 by 4x2 -j-a^ — ^ax. 

Solution, In the following solution the dividend and divisor 
are arranged according to the powers of the letter x ; the 
divisor is placed at the right of the dividend with the quotient 
below it. 

As each term of the quotient is obtained, its product by 
the divisor is placed below the dividend or remainder from 
which it is obtained, and is subtracted from this dividend or 
remainder. 



64a;6_l6a3x3 + a6 
64x6— 64a25^16a2x4 



4x^ — 4ax-f-a^s= Divisor. 

16x4+16ax3+12a2x24-4a3x+o* 



64ax5 — I6a^x^ — 16a^x^ -(-^e s=; 1st Remainder. 
64 a x5 — 64 a2 X* + 16 flS x3 

48 a2 X* — 32 a^ x3 -}. a« = 2d Remainder. 
48 a^ X* — 48 a3 x3 + 12 a* x2 

16 a« X? T- 12 a* x2 + flS _ 3d Remainder. 
16a»x3 — 16a*x2-f.4a^x 

4 a^ ap2 — 4 a^x -[- a® = 4th Remainder. 

4 a* x2 — 4 a^x -f- a® 



0. 

Ans. 16x* + 16ax3 + 12a2a;2+4a3x + a*. 

2. Divide b c^ — c^x by c\ Ans. b — x. 

3. Divide a9 + 2a6 + 62 by a^- 6, Ans. a + 6. 

4. Divide —cfib^-^-l^a^^h^ — ASa^^b^ — ^a^'^W by 
IQc^V^ — a^b. Ans. a* 6* — 5a» 6* — 2a8 6». 

6. Divide 1 — 18»a +8U* by 1 +6« + 922. 

Ans. 1— 6« + 9«a. 

6. Divide 81 a^ + 166ia — 72«* 6« by 9a* + 12 a* 6» 
+ 468. ilni. 9 fl* — 12 113 63^4 6«. 



20 ALGEBRA. [CH. I.,^^- 

Division of Polynomials. 

7. iJivide a;6«— 3x4«y3n ^3a;9«y4» — yin by z3ii»_ 

8. Divide — l-f-a^ns by — l+ow. 

9. Divide 2 a* — ISa^ 6 + 31 a^ fta — 38 a 68+24 6* 
by 2a2_3a5 + 462. ^„5. a^— 5a6 + 66a. 

10. Divide a* — 6^ by a— 6. iln*. a + 6. 

1 1. Divide a^ — h^ by a — 6. Ans. «» + a 6 + 6». 

12. Divide a* — 6* by a — 6. 

Ans. a3-f a2 6 + a6» + 63. 

13. Divide a^ — 6» by a — h. 

Ans. a* + a36 + a262 + fl63 + 6*. 

35. Corollary. The quotient can be obtained toith 
equal facility by using the terms which contain the 
lowest powers of a letter instead of those which contain 
the highest powers. 

In this casCf it is more convenient to place the term 
containing the lowest power first, and that containing 
the next lowest next, afid so on. 

This order of ternis is called an arrangement ac- 
cording to the ascending powers of the letter; whereas 
that of the preceding article is called an arrangement 
according to the descending powers of the tetter, 

36. Corollary. Negative powers are considered to 
be lower than positive powers, or than the power 
zero, and the larger the absolute value of the expo- 
nent the lower the power. 

Thus, a» ar-6 — a^x-^ + «^ + «*"*« + «"* «*» 
is arranged according to the ascending powers of 9p, and ac- 
cording to the descending powers of a. 



L .^ 
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EXAMPLES. 

1. Divide a* + «» — o-^ _ a-* by a^ — ar^. 

Ans. a2 -}. 1 -{- ar-^. 

2. Divide Aa^b-^+l^aH"^ +9a^b-^ — b'^ +2ar^ 

Ans. 2 a2 6-3 + 3 a 6-^ + ft-i — 0-25. 

36. In the course of algebraic investigations, it is 
often convenient to separate a quantity into its fac- 
tors. This is done, when one of the factors is 
known, by dividing by the known factor, and the 
quotient is the other factor. 

And when a letter occurs as a factor of all the terms 
of a quantity, it is a factor of the quantity, and may 
be taken out as a factor, with an exponent equal to 
the lowest exponent which it has in any term, and 
indeed by means of negative exponents any mono- 
mial may be taken out as a factor of a quantity. 

EXUiPLES. i 

1. Take out Sa^b as a factor of 15a» 6^ -f 6a3 6-f- 
9a»b^ + 3a^b. Ans. Sa^b{5a^b + 2a + 3b+l). 

2. Take out c^ as a factor of 3 0"+^ + 2 a"\ 

Ans, a«(3a4-2). 

3. Take out2a3 6(»c as a factor of 6a^ b^ c^ + 6ab^c 
— 2a6 + 2 — a^c. 

Ans, 2a3 66c(3a3ft2c + 3a-263_a-25-4c-i-^ 

flr-36-5c-i— 2-ia-i6-5. 

4. Take oat i as a factor of a»-i b — b\ 

Ans. 6(«"-i— 6«-i). 
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DifiereDce of two Powers divisible by Difference of their Roots. 

- — ■ - ■- - - ^ n-i--[ 

37. Theorem. The difference of two integral posi- 
tive powers of the same degree is divisible by the 
difference of their roots. 

Thus, a» — 6" is divisible by a — ^. 

Demonstration. Divide a^- — 6* by a — b, as in art. 34, 
proceeding only to the first remainder, as follows. 



a» — 6« 



a — b 



) 



• 



an-^i 

1 St Remainder = «»— ^6 — b*; 
or as in example 4, of art. 36. ' 

Ist Riemainder = c«»~i 6 — 6» = y(rt»-i — 6»-i). \ 

Now, if the factor a"—* — 6«— i of this remainder is di- ; 

visible by a — 6, the remainder itself is divisible by a — 6, 
and therefore a^—b^ is also divisible by a — 5 ; that is, if the 
proposition is true for any power as the (n — l)st, it also 
holds for the nth, or the next greater. 

But from examples, 10, 11, 12, 13 of art. 34, the proposi* 
tion holds for the 2d, 3cl» 4th, and 5th ; and therefore it mast 
be true for the 6th, 7th, 8th, &c. powers ; thajt is, for any 
positive integral power. 

38. There are sometimes two or more terms in the 
divisor, or in the dividend, or in both, which contain 
the same highest power of the letter according to 
which the terms are arranged. 

In this case, these terms are to be united in one by 
taking out their conrnion factor ; and the compound 
terms thus formed are to be used as simple ones. It 
. is more convenient to arrange the terms which contain 
the same power of the letter in a column und^ each 
other ^ the vertical bar being used as in art. 17 \ and 
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Diviaon of Polynomials. 



to arrange the terms in the vertical columns according 
to the powers of some letter com/tnon to them. 



EXAMPLES. 



1. Divide a» x^ _52aj3 _4a622 — 5Jaax-|-2a6« + 
rf2 — b^ hy az — bx — a — b. 



Solution. 



— 62 



x3 — labx^ — 2a2 

+2ab 



x + a^ 



23 — 



2ab 
62 



x* 



a\X'—a 

—b\ —b 

alx^ ^' a 
+ b\ -b +6 



a2 

IstRem. —2ab 

+ 62 

a2 

— 2fl6 
+ 62 



x2 _2 a2 

+2a6 


X2 _ a2 
+ 62 



X + a2 
— 62 



r2 



2d Rem. 



+ 2a6 
— 62 



+ 2a6 
— 62 



x + a^ 
— 62 



X + a 



2 



62 



3d Rem. 0. 

Ans. (a + 6) x2 + (a — 6) x — (a — 6). 

2, Dmde(66— 10)a* — (762— 236 + 20)a8— (363 
—2262+316— 5) a2 + (468— 962+56 — 5) a + 62 
—26 by (36 — 5)a + 62— 26. 

Ans. 2a3 — (36 — 4)a2^(46 — l)a+l. 
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3. Divide —a^ — {b^—2c^)a^ + {h^—c^)a^'{-{b^ + 
26*c2+62c*) by a^—b^—c^. 

Ans. _a*— (252_c2)a2_54_52c2. 



4. Divide y' 

—y 



— 3y3 
--3y 



x* — y» 
+ 3y3 

— 10^2 

- 2y 



— 3y» 
— 9y* 
+ 3y3 
+6y2 



by y 
+ 1 



x^ — Si/ 
— 3 



X — y3 



i4n5. 



— y 



X3_3y3 



z^. 



.1 



\ 
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Terms of a fraction zday be multiplied or divided by the same quantity. 



CHAPTER II. 

Fractions and Proportions. 

SECTION I. 
Reduction of Fradtions. 

39. When a quotient is expressed by placing the 
dividend over the divisor with a line between them, 
it is called a /rac/fow ; its dividend, is called the nu- 
merator of the fraction, and its divisor the denomiyiator 
of the fraction ; and the numerator and denominator 
of a fraction are called the terms of the fraction. 

When a quotient is expressed by the sign ( : ) it is 
called a ratio ; its dividend is called the antecedent of 
the ratio, and its divisor the consequent of the ratio ; 
and the antecedent and consequent of a ratio are 
called the terms of the ratio. 

40. Theorem,, The value of a fraction^ or of a ratio, 
is not changed by multiplying or dividing both its 
terms by the same quantity. 

Demonstration. For dividing both these terms bj a quan- 
tity is the same as striking out a factor common to the two 
terms of a quotient, which, as is evident from art. 30, does 
not affect the value of the quotient. Also multiplying both 
terms by a quantity is only the reverse of the preceding 
process, and cannot therefore change the value of the frac- 
tion or ratio. 

3 
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, Greateit Common Divlur. 

41. The terms of a fraction can often be Eimplified 
bjr dividing them by a common factor or divisor. 

' But when they have no common divisor, the fraction 
is said to be in Us lowest terms. 

A fraction is, consequently, reduced to its lowest 
terms, by dividing its terms Vy their greatest common 
factor or divisor. 

42. The greatest common divisor of two manotnials 
is equal to the product of the greatest common divi- 
sor of their coefficients by that of their literal factors, 
which last is readtly found by inspection. 



\. Find the greatest coaimaii diviior.of 75a' b^ cd^^ x' 
and 50 a^ c' d" xK Am. 25 o» cd" i». 

2. Reduce tbe fraction . . — . ,. - J^ t to its lowest 

tenna, , llds'y' 

Ana. -pr — - . 



.^11^ 



3 6* 



emma. The greatest common divisor of two 
:s is the same with the greatest common di< 
the least of them, and of their remainder 
ision. 

stralion. Let the greatest of the two quantities be 
le least B ; let the entire part of their quotient after 
e Q, and the remainder R ; and let the greatest 
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common divisor of ^ and B be 1>, snd that of B iind JR be 
E, We are to prove that 

1> = jB. 

Now since R is the remainder of the division of A by B^ 

we have . 

R=^ A — B. Q\ 

and, consequently, 1>, which is a divisor of A and B^ must 
divide 12 ; that is, D is a common divisor of B and JR, and 
cannot therefore be greater thi^i their greatest common di- 
visor IL 

Again,, we have 

andy consequendyj £J, whi^h is a divisor of B and JR, must 
divide A\ that is, £ is a common divisor of ^ and B^ and 
cannot therefore be greater than their greatest common di- 
visor D, 

D and E, then, are two quantities such that neither is 
greater than the other ; and must therefore be equal. 

44. Problem, To Jind the greatesi common divisor 
of any two quantities. 

Solution. Divide the greater quantity by the less, 
and the remainder , which is less than either of the 
given quantities, is, by the preceding article, divisible 
by the greatest common divisor. 

In the same way, from this remainder and the 
divisor a still smaller remainder can •be found, which 
is divisible by the greatest common divisor ; and, by 
continuing this process with each remainder and its 
corresponding divisor, quantities smaller and smaller 
are found, which are all divisible by the greatest 
com/mon divisor, until at length the common divisor 
itself must be attained. 
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The greatest common divisor ^ when attained^ is at 
once recognised from the fact^ that the preceding di- 
visor is exactly divisible by it uHthout any remainder. 

The quantity thus obtained, most be the greatest common 
divisor required ; for, from the preceding article, the greatest 
common divisor of each remainder and its divisor is the 
same with that of the divisor and its dividend, that is, of the 
preceding remainder and its divisor; hence, it is the -same 
with that of any divisor and its dividend, or with that of the 
given quantities. ' 

A5. Corollary. When the remainders decrease to 
unity J the given quantities have rto common divisor ^ 
and are said to be incommensurable or prime to each 
other. 

EXA]yfFLi;S. 

1. Find the greatest common divisor of 1825 and 1995. 
Solution. 



1995 
1825 



1825 



1825 
1700 



170, 1st Rem. 



10 



170 
125 



125, 2d Rem. 



1 



126 

90 



45, 3d Rem. 



2 



35, 4th Rem. 



45 

35^ 

10, 5th Rem. 



10 
10 



35 

30^ 

5, 6th Rem. 

2" 

Ans. 5. 



) 
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Greatest Commoa Divisor. 

I 

2. Find the greatest common dmsor of 13212 and 1851. 

An$. 3. 

3. Find the greatest common divisor of 1221 and 333. 

Ans, 111. 

46. The above rule requires some modification in 
its application to polynomials. 

Thus it freqaently happens in the successiye diyisions, 
that the term of the dividend, from which the term of the 
quotient is to be obtained, is not divisible by the c(»*respond- 
ing term of the divisor. This, sometimes, arises from a 
. monomial factor of the divisor which is prime to the divi- 
dend, and which may be suppressed. 

For, since the greatest common divisor of two quantities is 
only the product of their common factors, it is not affected 
by any factor of the one quantity which is prime to the other. 

Hence any monomial factor of either dividend or its 
divisor is to be suppressed which is prime to the other 
of these tivo quantities , and when there is such a factor 
it is readily obtained by inspection. 

But if, after this reduction, the first term of the dividend, 
when arranged according to the powers of some letter, is 
still not divisible by the first term of the divisor similarly 
arranged; it follows from the preceding reasoning that it 
can lead to no error to 

Multiply the dividend by some monomial factor 
which will render its frst 'term divisible by the frst 
term of the divisor ^ and which is prime to the re^ 
duced divisor. Such a factor can always b9 obtained 
by simple inspection. 

When the given qmmtities have any common mono^ 

3* 
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mto/ factor it is easily obtained from inspection, and 
it should be suppressed at frst, and afterward multi- 
plied by the greatest common divisor of the remaining 
polynomials. 

Since any quantity which is divisible by ^ is also di- 
visible by — A; and any quantity which is divisible by — A 
is also divisible by ^. 

All the signs of any divisor may be reversed at 
pleasure. 






EXAMPLES. 

] . Find the greatest common divisor of 2ta^ hx"^ — 
21a*6z6_i68a7 6z3 and \4,a^b^cx^ — l^a^b^cx^ '\- 
28a*63ca;2_42a5 63€2— 140a6 63c. 

Solution, Since 7a^b is a monomial factor of the two 
given quantities, suppress it, and they become 

3ax7— 3a2 2:6_24a6x3. 

262cx4_2a52cx3-f4a262c22_6a3 62ca;_20a4 62c. 

The first of the quantities thus reduced has the factor 
2ax^, which is prhne to the second quantity, and the second 
quantity has the factor 26^0, which is prime to the first. 
By the suppression of these factors the given quantities be- 
come 

x4 _ a a;3 _ 8 a*. 

x^—ax^-\'2a»x^—Sa^x—l0a^. 

Divide the second of these quantities by the first as fol- 
lows. 



a:4_ax3-j-2a2x2_3a3a; — 10a* 
X* — ax3 — 8a* 



X* — ax3 — 8a* 



k 

t 



1st Rem. 



2a2x2 — 3a3x— 2a*. 
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— ■ ■ ■ ■ ' 

This remainder, by the suppression of its factor a', be- 
comes 

which is to be used as the new divisor, and the former divi- 
sor as the dividend. , 

But as the first, terih of this new dividend is not divisible 
by the first 'term of its divisor, the dividend is to be multiplied 
by 2, and then divided by the divisor, as follows. 

X* — ax^ — 8a* 
2 

2z*— 2fl23 — 16a* 2x^—Sax—2a^ 
2x*— 3a2:3 _2g2z2 x^, ax, Ta* 

ax^'{^2a^x^ — 160^, which is to be multiplied by 2 to 

2 render its first term divisible by 

: that of the divisor. 

2ax^'\-^a^x^ — 22a* 

2ax3— 3a2x2— 2a»x 



7a^x^'{-^a^x — 32a^, which is .to be multiplied by 2 

2 to render its first term divisible 

— ^ — : by that of the divisor. 

14a2jc2^4a«x— 64a* 
14 ^2 x2 _21 a» X— 14 a* 

25 a^ X — 50 a*, 2d Rem. 

This remainder, by the suppression of its factor 25a3 be- 

comes 

X — 2 a, 

by which the preceding divisor is to be divided as follows.; 



2x2— 3a2; — 2a« 
2 x2 — 4 a X 



X — 2a 
2x4-a 



ax — 2a^ 
ax — 2a^ 
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whence 7 a^ 6 (x -*» 2 a) is the required common divisor. 

Ans. 7 a2 6 (x — 2 a). 

2. Find the greatest common divisor of x^^-a^. and 
x* — a^. Ans, x — «» 

3. Find the greatest common divisor of 6 a^ — 10 a* 6 -j- 
15 63 and Sa^ -f 6 a^ b + 6ab^ -{-B b^. Ans. a + b. 

4. Find the greatest common divisor of x^+^'H"** 
+ x — 4 and x* +2x^ + 3x2-f-4x^ 10. Ans. x— 1. 

5. Find the greatest common diyisor of 7 a x^ -f- 21 a x* 
+ 14«x and 3x6 +3x5 -f-Sx* — 3x2. ^ns, x^ + x. 

6. Find the greatest common divisorof 6a2x3-f-21 a^x^ 
— 27a» and 4x* +6a2 x* +21 a^x. Ans. 2x + 3a. 

47. When there are several terms in the given 
polynomials, which contain the same power of the 
letter according to which the terms are arranged, 
these terms are to be united in one, as in art. 38, and 
the compound terms thus formed are to be treated as 
monomials. 

EXAMPLES. 



1. Find the greatest common divisor of 



and 



X3 

— 9x 
1 


y» 2x* 
+ 2x3 
+ 18x2 
— 18x 


y*— 3x* 
+ 27x2 


y3+2x* y2 
—18 x2 

X 


1 

X2 

^ +3x 


y4_3a;3 

— 7x2 
+ 6x 


y3 .. 4x3 

— 12x2 


-fl2xa 

• 



Solution. The. factor (x2 + 3 x) j^ is a common factor of 
all the terms, and is therefore to foe soj^esseidy in order to be 
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. multiplied by the ^greatest common divisor of the remaining 
polynomials. The polynomials thus become 



X 

— 3 



y4 _ 2 2;a 
— 6 



y3_322 J y2-j_22;a \y 
+ 9x I —6a;' 



and 



y3_3x 



y2_4a;y-j-4x. 



The suppression of the factor (z — 3) y in the first of 
these polynomials reduces it to 



y3— 2a: 



y2 — 3xy + 2x, 



by which the second is to- be divided as follows : 



y^—^x 

y3— 2a; 

+ 2 



y2_42;y-|_4a; 



y^— 3xy+2a: 



y3 — 2x 



y2 — 3xy-j-2x 



1 St Rem. — xy^ — xy-j-2x 
The suppre^ion of — x in this remainder reduces it to 

y^+y-2, 

by which the preceding divisor is to be divided as follows : 



ys— 2z 


ya — 3zy-|-2z 


y»+y-2 




+ 2 

y' + y"- 


> 

-2y 


y — 2z 
+ 1 • 




_ 2 z y8 — 3 z 
+ 1 +2 

— 2 z J ya — 2 z 


y + 4a 
— 2 




\ 


R,em. 


X 


y — 2a 


1 

1 
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The suppression of — x+ 1 in this remainder reduees . 

it to 

y + 2, 

by which the preceding divisor is tcf be divided as foliowe : 



y*+y — 2 



y + 2 



— y — 2 
— y — 2 

and therefore the greatest common divisor is the product of 
(x2+3a;)y byy + 2. Ans. (ic^ +3x) (y^ +2y). 

2. Find the greatest common 'divi^r of the polynomials 
a2^i2^c2+2a6 + 2ac + 26c and a^ — b^—c^ — 
26c. ^»5. a + 6 + c. 

3. Find the greatest common divisor of the polynomials 



a*— 262 
— 2c2 



a + 63 
— 6c2. 



a2 + 6* and a3 + 36a2 + 362 

— 262 c2 — c2 

il«5. a2 + 2a6 + 62_c2. 
4. Find the greatest common divisor of the polynomials 



and 


2c 
— 1 


y 


>— 3s 

+ 3 


y* 


— x' 
+ 3x 
—.2 


y« + aj3 

X 


y8_s8 


y 

• 




X2 
— 1 


y* — 3 a;« 
+ 3 


+ 2s8 


y2 a;3 


y 




— 2 


- 


1 












Ai 


IS. y 


(y- 


•i)( 


x-l). 



48. Problem. To reduce fractions to a common 
denominator. 

Solution. Multiply both terms of ecf^ch fraction by 
the product of all the other denominators. 
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Common Denominator. 

For ther value of each fraction is, from art 40, not changed 
by this process; and as each of the denominators thus ob- 
tained is the product of all the denominators, the fractions 
are all reduced to the same denominator. * . 

49. But fractions can be reduced to a common denomi- 
nator which is smaller than th^ir continued product, when- 
ever their denominators have a common multiple less than 
this product. For, by art. 40, 

F?'actio7iSi may be reduced to a common denomina' 
tor, which is a com/mon m^ultiple of their denominators^ 
by m%ilHplying boththeif terms by the quotients re^ 
spectively obtained from the division of the common 
denominator by their detiominators. 

60. Corollary. An entire quantity may, by the pre- 
ceding article, be reduced to an equivalent fractional 
expression having any required denominator, by re- 
garding it as a fraction, th« denominator of which is 
unity. 



EXAMPLES. 

3 2 5 

1. Reduce -, >, -, to the common denominator 24. ' 

O d O 

9 16 20 
'^'* 24' 24' 24* 

•„, a^b Ze ^ Za ^ . ' 

2. Reduce — r-r, -Tr-Xi 8 a: -. — r to the common deno- 

minator 4 c^ rf. 

40^6 6crf a2flcgrf 3flc 
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Common Denomioator. 

- — - — ■ • — — — - - — — ■ - ■■ - 

««j «+6, I c + rf 

3. Reduce — J— -, 1, — ; — -, -^ to the common 

a *— o a -J- 6 a* — o^ 

deneminator a' — 6*. 

a^-^^ab + b^ a^ — b^ a — b c + rf 



Ans, 



a^—b^ ' a2 — 62' a2_62' a^ — b^* 



61. Problem. To find the leait common multiple of 
given quantities. 

Solution. When the given quantities are decomr 
posed into their simplest factors^ as is the case with 
monomials^ their least com,mon m^ultiple is readily 
obtained ; for it is obviously equal to the product of 
all the unlike factors, each factor being raised to a ' 
power equal to the highest power which it has in 
either of the given quantifies. 

But the common factors can always be obtained 
from the process of finding the greatest common 
divisor. 

EXAMPLES* 

1. Find the least common multiple of 2a^ b^ ex, 3 a^ 
bc^x^, 6acx^2.Sacx, 9 c'' x^^ ^ 3^ c"^ z^^, 24 a^ = 

23.3a8. 

Ans. 23 . 32 . a8 62 c^ x^o = 72 a^ 62 c^ x^^ 

2. Find the least common multiple of 16 ax, 40 6^ x, 
25 a^ 63 x2. Ans. 400 a^ 6^ x^. 

3. Find the least common multiple of x*, x»— ^, x*— ^, 
x*--3, X. Ans. x\ 

4. Find the least common multiple of 6 (a + 6) x* , 
64 (a— 6)3, (a+6)7, 81 (a— 6)3 x«+9, 8(a+6)6 x~-«. 

Ans. 648 (a + by {a — 6)3 x~+3. 
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6. Find the least common multiple of a^ +2a6-|-6*, 
^al^ — 63. Ans. (a + by (a _ 6) (a + 2 6)2. 



SECTION II. 
Addition and Subtraction oC Fractions. 

62. Problem. To find the sum or difference of 
given fractions. 

Solution. When the given fractions have the same 
denominator, their sum or difference is a fraction 
which has for its denominator the given commmi 
denominator, and for its numerator the sum or the 
difference of the given numerators. 

When the given fractions have different denomi- 
nators, they are to be reduced to a common denomina- 
tor by arts. 48 and 49. 

EXAMPLES. 

1. Find the sum of -, -, and — -j, 

a f 

. adf '\-hcf — hde 

Ans. .y ^ . 

hdf 

2. Subtract \ from 1 Ans. ^^""/^, 

a ' bd 

3. Find the sum of ^^- and ^~ . Ans. a. 

4. Subtract ?-^ from ^^ Ans. b. 

4 
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5. Reduce to one fraction the expression ~ + c. 



Ans, 



a~\^b c 



6. Reduce to one fraction — + ^ _ ^^g 






7. Reduce to one fraction - — . ^ U — 



Ans, 



ax2 — 6x4-1 



8. Reduce to one fraction 



a-^z 



+ 



a 



Ans,. — r— ! — -, 



a- 



9. Reduce to one fraction 

i , 3 1 l — x 

4(1 — ^)2 -r 8(i_ V +8Y1 + X) 471 



Ans, 



10. Reduce to one fraction 



(1 + X2) 
14- 2 4-12 

— " ■ ■ I 

1 — X — a;*4~^* 



Sh 



-^ + 



2/i + x 



(A — 2x)2 "^ (A+x) {/i-^Yx) h + x 

20 7ix — 223:2 



11. Reduce to one fraction 

a^ ab 



Ans. 



+ 



(h-^x)(h—2x)i' 
b 



(«4-6)3 {a + b)i^ a + b' 

. a^ + ab^ + b^ 

63. Corollary. It follows, from examples 3*^rvd 4, 
that the sum of half the sum and half the difference 
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Product and Quotient of FractioDS, 

of two quantities is equal to the greater of the two 
quantities ; and that the difference of half their sum 
and half their difference is equal to the smalkr of 
them. 

SECTION III. 
Multiplication an^ Divtaon of Fractions. 

64. Problem. To find the continued product of sev- 
eral fractions. 

Solution. The continued product of given fractions 
is a fraction the numerator of which is the continued 
product of the given numerators^ and the denominator 
of which is the continued product of the given denomi- 
nators. 

65. Problem. To divide by a fraction. 
Solution. Multiply by the divisor inverted. 

The preceding f ules for the addition^ subtraction, multi- 
plicatioD, and division of fractions require no other demon- 
strations than those usually given in arithmetic. 

66. When the quantities multiplied or divided con- 
tain fractional terms, it is generally advisable to re- 
duce them to a single fraction by means of art. 62. 

EXAMPLES. ^ 

1. Multiply together -, -5, and -2* Ans. r— r> 

o a . J a J 

2. Muhiply — — - by -^rnrr- ^«*- 



7d^e^ ^ 2b^e' 7 d^ e^^' 
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3/ Multiply ~ by -. 



4. Multiply a -|- 



a X 



a 



by X 



5. Divide r by -=. 

b ^ d 

6. Divide 1 by -=-, 



7. Divide 



8. Divide x^ + 



15 03x5 3a6y2 
by ^-^ 



^ns. 1. 



a X 



-4WS. 



2t2 



a^x 



a' 



a;- 



^715. 



^715. 



ad 
b c 

Ans, — . 
a 

20x^a 



a X 
by -z. 



a2 — >c2 -^ a .««a; 



Ans. 



a* 



a + x' 



V 



57. The reciprocal of a quantity is the quotient ob- 
tained from the division of unity by the quantity. 

1 I 

Thus, the reciprocal of a is - or a— i, that of o" is — 

a ^ cC* 

or a-", that of a-« is a* and that of t is 1 -f-r or -. 

o b a 

Hence the product of a quantity by its reciprocal is unity; 
the reciprocal of a fraction is the fraction inverted ; and the 
reciprocal of the power of a quantity is the same pow;er with 
its sign reversed. 

68. Corollary. To divide by a quantity is the sanie 
as to multiply by its reciprocal ; and, conversely, to 
multiply by a quantity is the same as to divide by its 
reciprocal. 
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Powers -changed from on^ Term to the other of a Fraction. 

Now a fraction is multiplied either by multiplying its nu- 
merator or by dividing its denominator ; and it is divided 
either by dividing its numerator or by multiplying its de- 
nominator. Hence, 

It has the same effect to multipjy one of the terms 
of a fraction by a quantity, which it has to multiply 
the other terna by the reciprocal of the quantity. 

59. Corollary. If either term of a ftaction is mul- 
tiplied by the power of a quanity, this factor may 
be suppressed, and introduced as a factor into the 
other term with the sign of the power reversed. 

By this means, a fraction can be freed from nega^ 
tive exponents. \ 

( 

EXAMPLES. 

1. Free the fraction - .^ — from negative .exponents. 

^ b^d 
Ans. — r—. 

2. Free the fraction _g - ^ ~ — from negative exponents. 

Ans, ; ^ " ' % • 

63 c* d 

cc^b^ c^d~^^e 

3. Free the fraction —r— ^ — » , a^^» fro™ negative ex- 

b^d^e 
ponents. Ans. ^5^^,. 

x34-8jr~2 

4. Free the fraction — y^ — 5 fr<>n* negative . expo- 

nents. Ans. ^'"^^^' 

«* + 1 • 

4* 
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^ I' 

Product of Means equals that of Extremes. 



5. Free the fraction -— i _J-^-- from negative ex- 

ponents. Ans. —^i—^lZ^X 

60. The preceding rules for fractions may all be 
applied to ratios by substituting the term antecedent 
for numerator^ and consequent for denominator. ^ 



-J. 

I 

SECTION IV. 
ProportioDs. 

61. A proportion is the equation formed of. two 
equal ratios. 

Thus, if the two ratios A : B and C : D are equal, the 
equation 

A: B = C:D 

is a proportion ; and it may also be written 

A — £. 

B ~ D' 

The first and last terms of a proportion are called 
its extremes ; and the second and third its means. 

Thus, A and 2> are the extremes of this proportion, and 
B ^nd C its means 

62. If the ratios of the preceding proportion are reduced 
to a common consequent, in the same way in which fractions 
are, by art. 48, reduced to a common denominator, we haye 

AXB:BXDz=^BXC\BXD\ 
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Product of Means equals that of Extremes. 

t II I . .1 , L 

that is, A X.D tnd B X Chave the same ratio io B X Dy 
and are consequently equal, that is, 

AX D^BX C, 

or, the product of the means of a proportion is equal 
to the product of its extremes. 

• 

This proposition is called the test of proportions, 
that is, if four quantities ai^e such that the product of 
the first and last of them is equal to the product of 
the second and third, these four quantities form a 
proportion. 

Demonstration. Let A, B, C, D be four quantities such 
that 

A X D = B X C. ' 

We have, by dividing B X Dy 

AXD:BXD = BXC:BXD, 

01*, by reducing these ratios to lower terms, as in art 40, . 

A :B = C:D; 
that is. A, Bf C, D form a proportion. 

63. Corollary. If il, jB, C, D form a proportion, we ob- 
tain from the preceding test 

A:C=B:D 
B:A = D:C 
B:D=^ C:A 
D : CzzzB: A,6lc.; 

that is, the terms of a proportion may be transposed 
in any way which is consistent with the appKcatian of 
the test. 
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To find the Fourth Term of a Proportion. 

64. Problem. Given three terms of a proportion^ to 
find the fourth. 

. Solution. The following solution is immediately obtained 
from the test. 

When the required term is an extreme, divide the 
product of the means by , the given extreme^ and the 
quotient is the required extreme. 

When the required term, is a mean, divide the pro- 
duct of the extremes by the given mean, and . the 
quotient is the rehired mean. 



EXAMPLES. 

1. Given the three first terms of a proportion respectively 
4> J5, C; find the fourth. Ans. —j-' 

2. Given the three first terms of a proportion respectively 
2 a 62, Sa^b, 6b^; find the fourth. Ans. 9 a 62. 

3. Given the three f\rst terms of a proportion respectively 
ci»*, «*, a^ ; find the fourth. - Ans. a^+P— "», 

4. 'Given the first term of a proportion a^b^, the second 
3 a® 6"^, the fourth 7ab; find the third. Ans. ^ o-^. 

6. Given the first terra of a proportion 6 a*— ^6, the third 
ISa^b^, the fourth 40 a— ("»—i); find the second. 

Ans. 16flr-4 6-4. 

6. Given the three last terms of a proportion respectively 
a2 — 62^ 2 (a + 6), a2 + 2 a 6 + 62 ; find the first. 

Ans. 2 (a ^-6.) 

65. When both the mekns of a proportion are the 
same quantity, this common mean is called the mean 
proportional between the extremes. 



N 
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Mean Proportional. Continued Proportion. 



Thus, when 

il : JB = JB : C, 

B is a mean proportional between A and C 

66. If the test is applied to the preceding proportion it 
gives, B^ = AX C\ 



whence * B = \^A X C; 

that is, the mean proportional between two quantities 
is the square root of their product 

67. A succession of several equal ratios is called a 
continued proportion. 

Thus, . 
is a continued proportion. 

68. Theorem. The sum of any ntf^mber of ante- 
cedents in a continued proportion is to the sitm of the 
corresponding consequents, as one antecedent i$ to its 
consequent. 

Demonstration. Denote the value of, each of the ratios in 
the continued proportion of the preceding article by M, and 
we have 

• M= A:B—C:D = E:F,6lc.; 

whence 

A = BX M 

C::=:DX M 

E = FX M,6lc.; 

* 

and the sum of these equations is 
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Ratio of Sum of Antecedents to Sum of Consequents. 

whence 

A + C+E + &.C. ___j.rA_C_E . 

B + D + F+^Lfi." B'^ D^ F' 

69. Corollary, Either antegedent may be repeated 
any number of times in the above sum, provided its 
consequent is also repeated the same number of times. 

70. Corollary. Either antecedent may be subtracted 
instead of being added, provided its consequent is also 
subtracted, 

71. Corollary, The application of these results, to the pro- 
portion 

A : B ^ C : D, 

gives A + C:B + D^A :B — C:D 
A — C:B — D — A:B:=^C:D 

mA-^nCimB + nD^AiB^CiD 
mA — nC:mB—nDz=A\B^ C\ D; 
whence A -{- C : B + D =: A — C : B — D 

mA-^ nC:mB'{'nD = mA — nC:mB — nD ; 

or, transposing the means, as in art. 63, 

A'^C:A — C=B + D:B~D 

mA-^nCimA — nC=^ mB^-^-nJO :mB — nD; 

that is, the sum of the antecedents of a proportion is 
to the sum of the consequents, as the difference of the 
antecedents is to the diference of the consequents,^ or 
as either antecedent is to its consequent. 

Likewise, the sum of this antecedents is to their 
difference, as the stim of the consequents is to their 
difference. 
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Ratio of Sum of two first Terms to that of two last. 

Moreovery injinding these sums and differences, 
each antecedent may be multiplied by any number, 
provided its consequent is multiplied by the same 
number. 

72. Corollary, These rules may qJso be applied to the 
proportion A : C = B : D 

obtained from A : B ^== C : D by transposing Its 

means, and give 

A'{'B:C+D=^A — B:C—D 

= mA-\-nB:mC-{'nD z=zmA — nB: m€ — nD 
= AtCz=B: b; 

and A + B : A -^ B — C + n : C— D 

m A-^-nB'.mA — nB = mC-f-wZ> : mC — n'D; 

that is, the sum of the first two terms of a proportion 

is to the sum, of the last two, as the difference of the 

ft 

first two terms is to the difference of the last two, or as 
the first term is to the third, or as the second is to the 
fourth. 

Likewise, the sum of the first two terms is to their 
difference, as the sum of the last two is to their dif- 
ference. 

Moreover, in finding these sums and differences, 
both the antecedents m^y be multiplied by the same 
number, and both the consequents may be multiplied 
by any number. 

73. Two proportions, as 

and 

E:F=t G:H, 
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may evidently be multiplied together^ term by tertn^ 
and the result 

AxE:BxF=CX G:D X H 

is a new proportion. 

74. Likewise, all the terms of a proportion m^iy be 
raised to the same power. 

ITius, A:B = C:D, 

A^ :B^ =zC^ :D^ 
fs/A : ts/B = ts/C : s/D 



gives 



m 



is/ A : s/B = s/C : s/D 

75. Theorem, The reciprocals of two quantities are 
in the inverse ratio of the quantities themselves. 

Thus, ^ : i5 = — : ~. 

B A 

11* 

Demonstration, For A, B, — , a^d -j are four quantities 

such that the product of the first A and the last —j is the 

A 

same with that of the second B and the third -^ ; each pro- 

duct being equal to unity, * 
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. CHAPTER IIL 

Equations of the First Degree. 

SECTION 1. 

Putting Problems into Equations. 

76. The first step in the algebraic solution of a 
problem is th^ expressing of its conditions in alge- 
braic language ; this is coWeA putting the problem into 
equations, 

77. No rule can be given for putting questions into 
equations, which is universally applicable. The fol- 
lowing rule can, however, be used in most cases, and 
problems, in which it will not succeed, mufet be con- 
sidered as exercises for the ingenuity. 

Represent the required quantities by letters of the 
alphabet* Perform or indicate upon these letters the 
same operations which it is necessary to perform upon 
their values^ when obtained, in order to verify them,. 

It is usual to represent the unknown quantities by 
the last letters of the alphabet, as v, w, x, y, z. 

EXAMPLES. 

f 

T^Ae follomng problems are to be put into equations. 

1. A person had a certain sum of money before him. 
From this he first took away the third part, and put in its 

6 
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Examples of putting Questioni into EquatioDS. 

•tead 950; a short time after, from the sum thus increased 
he took away the fourth part, and put again in its stead 9 70. 
He then counted his money, and found 9 120. What was 
the original sum? • 

Method of putting into equations* Let 

X = the original sum expressed in dollars.^ 

After taking away the third part and putting in its stead 

950, there remains two thirds of the original sum increased 

by J50, or 

f x + 50. 

If from this sum is taken a fourth part, there remains 
three fourths; to which is to be added $70, giving 

i(§a; + 50) + 70=ia;+107i; ' 

which is found to be equal^ to $^120. We have, therefore, 
for the required equation, 

^x+ 107J = 120. 

2. A merchant adds yearly to his capital one third of it, 
but takes from it at the end of each year $ 1000 for his 
expenses. At the end of the third year, after deducting the' 
last 9 1000, he finds himself in possession of twice the sum 
he had at first. How much did he possess originally ? 

Ans, If xzzz the original capital in dollars, the required 

equation is 

14 a: — 4111^ = 2 2;. 

d. A courier^ who goes .31^ miles every 5 hours, is sent 
from a certain place ; when he was gone 8 hours, another 
was sent after him at the rate of 22^ miles every 3 hours. 
How soon will the second overtake the first ? 

Solution. If X := the required number of hours, the num- 
ber of hours which the first courier is on the road is tt -|- 8 ; 



CH. III. <^ I.] PUTTING (^UESTIOIYS INTO E<^UATIONS. 61 

' . ■ — ■ ■• — ■'■■«■'■■ .^ . I ■ ^ I i.i.ii.. 

Examples of putttDg Questions into Equations. 

■■ ■ ■ *- — ^ ■ 

and the distance which he goes is obtained from the propor- 
tion . . 

5 : X -{- 8 = 31^ : distaoce gone by 1st courier ; 

whence, by art. 64, 

distance gone by 1st courier = f§ (x -f-S)- 

The distance gone by the second courier is obtained from 
the proportion "^ 

3 : X = 2^ : distance gone by 2d courier ; 
whence 

distance gone by .2d courier = y x. 

' But as both couriers go the same distance, the required 
equation is 

4. A courier went from this place, n days ago, at the rate 
of a miles a day. Another has just started, in pursuit of him, 
at the rate of b miles a day. In how many days will the 
second courier overtake the first? 

Ans, If X = the required, number of days, the required 
equation is 

6 X = a (x -{- »)• 

5. A regiment marches from the place A, on the road tp 
B, at the rate of 7 leagues every 2 days ; 8 days after, 
another regiment marches from B, oi\ the road to A, at the 
rate of 31 leagues every 6 days. If the distance between 
A and B is 80 leagues, in how many days after the depar- 
ture of the first regiment will the two regiments meet? 

Ans. If X = the required number of days, the require 
equation is 

jx+V(«-8)=,80. 
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6. A hostile corps has set out two days ago from a certain 
place, and goes 27 miles daily. Another corps wishes to 
march in pursuit of it from the same place, and so quickly 
that it may reach the other in 6 days. How many miled 
must it march daily to accomplish itt 

Ans. If X = the required number of miles, the required 
equation la 

6x = 216. 

» 

7. From two different sized orifices of a reservoir, the 
water runs with unequal velocities. We know that the orifi- 
ces are in size as 5 : 13, and the velocities of the fluid are 
as 8 : 7 ; we know farther, that in a certain time there issued 
from the one 561 cubic feet more than there did from the 
other. How much water, then, did each orifice discharge 
in this space of time ? 

Solution. Let x = the quantity discharged by the first 
orifice. 

As the size of the second orifice is ^ths of that of the 
first, the water discharged from the second orifice, if it 
flowed at the same rate, would be 

■ ¥ ^- ' 
But as the water flows from the second orifice with a 
velocity {ths of that which it should have to discharge ^ x 
in the given time, its actqal discharge must be 

whence the required equation is 

^x — x=z 561. 

«{■ • ■ 

8. A dog pursues a hare. When the dog started, the hare 
had made 50 paces before him. The hare takes 6 paces to 
the dog's 5 ,* and 9 of the hare's paces are equal to 7 of the 
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dog's. How many paces can the hare take before the dog 
catches her T 

Ans. If, X =z the required number of paces, the required 

equation is , ^ • 

ij z — ar = 50. 

9. A work is to be printed, so that each page may contain 
a certain number of lines, and each line a certain number of 
letters. If we wished each page to contain 3 lines more, 
and each line 4 letters more, then there would be 234 letters 
more on each page ; but if we wished to have 2 lines less in 
a page, and 3 letters less in each line, then each page would 
contain 145 letters less. ' How many lines are there in each 
page ? and how many letters in each line ? 

Solution, Let 

* 

X = the number of lines in a page, 
y = the number of letters in a line, 

and we shall have 

X y z=. the number of letters in a page. 

But if there were 3 lines more in a page, and 4 letters 
more in a line, the number of letters in a page would be 

(^ + 3)(y + 4)=xy + 4z + 3y + 12, 

which exceeds the required number of letters in a page by 

4x + 3y+12; 

whence we have for one of the required equations 

4z-^3y+12 = 234; 

and, in the same way, ^he condition, that 2 lines less in a 
page and 3 letters less in a line make 145 letters less in a 
page, gives the equation 

zy — (x — 2)(y — 3) = 145. 
or 

3x + 2y — 6=145. 
5* 
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10. Three soldiers, in a battle, make #96 booty, which 
they \vish to share equally. In order to do this, A, who 
made most, gives B and C as much as they already had ; in 
the same manner, B next divided with A and C, and after 
this, C with A and B. If, then, by these means, the in- 
tended equal division is effected^ how much booty did each 
soldier make ? 

An$. If X = ^'s booty, 

y = J5's bootyy. 

z = Cs booty» . 

the required equations are 

^ + y + ^ = ^^ 
4x • — 4y — 42J = 6y — 2x — 2 2 

,4 ic — 4y — 4«=: 7a — x — ry. 



11. A certain number consists of three digits, of which 
the digit occupying the place of tens is half the sum of the 
other two» If this number be divided by the sum of its 
digits, the quotient is 48; but if 198 be subtracted from it,, 
then we obtain for the remainder a number consisting of the 
same digits^ but in an inverted order. What number is 
this^ 

Arts, If X = the digit which is in the place of units^ 
y == that in the place of tens, 
z =^ that in the place of hundreds. 

The number is = 100 « -{- 10 y -f- x, 

and the required equations are 

y == J (x + 2) 

lOOz+lOy + x 
100 « + lay + X — 198 == 100 X 4- 10 y 4- «. 



f . 

CH. III. <^ I.] PUTTING (QUESTIONS INTO E<^UATIONS. 55 

£xamples of putting Questions into Equations. 

12. A persbn goes to a tavern with a certain earn of 
money in his pocket, where he spends 2 shillings ; he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2> shillings also ; then borrowing 
again as much money as was lefl-, he went to a third tavern, 
where likewise he spent 2 shillings, and borrowed as much 
as he had lefl; and again spending 2 shillings at a fourth 
tavern, he then had nothing remaining. What had he at 
first? 

Ans, If X = the shillings he had at first, 

the required equation is 

8 a; — 30 = 0. 

13. A person possessed a certain capital, which he placed 
out at a certain interest. Another person, who j>ossessed 
$10 000 more than the first, and who put out his capital 
1 per cent, more advantageously than the first did, had an 
income greater by $800. A third person, who possessed 
$ 15 000 more than the first, and who put out his capital 2 
per cent, more advantageously than the first, had an income 
greater by $1500. Required the capitals of the three per- 
sons, and the three rates of interest. 

Ans. If - X = the capital of the first, 

y ■=. his rate of interest per cent. 

the required equatioas are 

lOOOOy + x -t- 10000 _o^ 
100 '^' 

15 000y + 2x + 30 000 
100~ - = 1600. 

14. A person has three kinds of goods, which together 
co8t$230|^. The pound of each article costs as many 
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twenty-fourths of a dollar as there are pounds of that ar- 
ticle ; but he has one thjrd more of the second kind than 
he has of the first, and 3^ times as much of the third as he 
has of the second. How many pounds has he of each ar- 
ticle? 

Ans. U X = the number of pounds of the 1st, 

the required equation is 

15. A person buys some pieces of cloth, at equal prices, 
for 9 60. Had he got 3 pieces more for the same sum, each 
piece would have cost him $ 1 less. How many pieces did 
he buy? 

Ans, If a: = the number of pieces bought, 

the required equation is 

60 _ ' 60 

16. Two. drapers^ and B cut, each of them, a certain 
number of yards from a piece of cloth ; A however 3 yards 
less than i5,' and jointly receive for them $35. "At ray 
own price," said A to JB, " I should have received 9 24 for 
your cloth." ** I must admit," ipiswered the other, " that, at 
my low price, I should have received for your cloth no more 
than % 12 j^." How many yards did each sell? 

Solution. Let x = the number of yards sold by ^ ; 

then z 4- 3 = the number sold by B. 

Now since A would have sold x -|- 3 yards for 924, 

24 

A*8 price per yard = — f—-; 

and since B would have sold x yards for 9 12^, 

_12|_25 



\ 



B*s price per yard 
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Hence 

the sum for which A sells x yards = 



the sum for which B sells x -jr 3 yards '= — '^ ^ ; 
and the required equation is . 



24 X 



+ ^i^> = 35. 



X -|- 3 • 2 X 

17. Two travellers, A and ^, set out at the same time 
from two different places, C and D ; A, from C to 1> ; and 
B, from D to C When they met, it appeared that A hs^d 
already gone 30 miles more than B ; and, according to the 
rate at which they are travelling, A calculates that he can 
reach the place 1> in 4 days, and that B can arrive at the 
place C in 9 days. What is the distance between C and 1^1 

Ans. If, when they meet, 

X =; the distance gone by A, 
then, X — 30 = the distance gone hy B; 

the whole distance = 2x — 30; 
and the required equation is 

4x _ 9(x — 30) 
X.— 30"" X • 

18. Some merchants jointly form a certain capital, in such 
a way that each contributes 10 times as many dollars as they 
are in nunit)er ; they trade with this capital, and gain as 
many dollars per cent, as exceed their number by 8. Their 
profit amounts to $288. How many were there of them? 

Ans. If X = the number of merchants, the required 
equation is 

-j^ x2 (x + 8) = 288. 
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19. Part of the property of a merchant is invested at such 
a rate of compound interest, that it doubles in a number of 
years equal to twice the rate per cent. What is the rate of 
interest ? ^ 

Ans» If X = the rate per cent., the required equation is 



n00 + x\2x_ 



A 



I SECTION II. 

Reduction and Classification of Equations, 

78. The portions of an equation, which are sepa- 
rated b7 the sign ==, are called its members; the on« 
at the left of the sign being called its first member, 
and the other its second member. 

79. Equations are divided into classes according to 
the form in which the unknown quantities are con- 
tained in them. But before deciding to which class 
an equation belongs, it should be freed from fractions, 
from negative exponents, and from the radical signs 
which affect its unknown quantitiers; its members 
should, if possible, be reduced to a series of mono- 
mials, and the polynomials thus obtained should be 
reduced to their simplest forms. . 

■ • 

80. When the equation is thus^ reduced, it is said to 
be of the same degree as the number of dimensions of 
the unknown quantities in that term which contains, 
the greater number of dimensions of the unknown 
quantities. 
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Thu8^ X and y being the unknown quantities, the equa- 
tions 

a a; + 6 = c, 

are of the ^rs^ degree ; 

x2 -f 3*x + 1 = 5, 
xy = 11, 
^ are of the second degree, &;c. 

81. But when an equation does not admit of being 
reduced to a series of monomials, or, when being so 
reduced, it contains terms in v^hich the unknown 
quantities or their powers enter otherwise than as fac- 
tors, it is said to be trancendental ; and the consider- 
ation of such equations belongs to the higher branches 
of mathematics. 

Thus, a* = 6 

(z4-a)y + * = c, 

are trancendental equations. 

♦ 

82. An equation is said to be solved, when the 
values of its unknown quantities are obtained ; and 
these values are called the roots of the equation. 

83. The reduction and solution of all equations 
depends upon the self-evident proposition, that ; 

Both members of an eqimtion may be increased^ 
diminished^, multiplied, or divided by the same quan- 
tity, without destroying the equality. 

84. Corollary. If all the terms of an equation have 
a common factor, this factor m^y be suppressed. 
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EXAMPLES. 

1. If the factor common to the terms of the equation 

is suppressed, what is the resulting equation ? 

Ans. 23 + 3 <J == 1. 

m 

2. If the factor common to the terms of the equation 

is suppressed, what is the resulting equation ? 

Ans, a -{- 2 a^ X = 1. 

85. Problem. To free an equation from fractions. 

Solution. Reduce, by arts. 49 and 50, all the terms 
of the equation to fractions having a common denomd*- 
nator, and suppress the com/mon denominator, prefix- 
ing to the numerators the signs of their respective 
fractions. 

Demonstration, For suppressing the denominator of a 
fraction is the same as multiplying the fraction by its de- 
nominator; and, consequently, both the members of this 
equation are, by the preceding process, multiplied by the 
common denominator. 

EXAMPLES. 

1. Free the equation 

a . c a — c _ 1 

from fractions. 

Solution. This equation, when its terms are reduced to a 
common denominator, is 

ad . be a-^c bdhx bd 
bdx ' bdx bdx bdx bdx 



i 
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Suppressing, the comoiOQ denominator, we have 

ad^bc — (a— ^c) = 6rfAx — bd, * 

or 

ad-\- b c — a -{- c =zz b dhx — b d* 

2. Free the equation 

4 3 = — Llii — dx 

a — c a a — c 

from fractions; 

Ans, 3ad — 5dx +2a2 — ax — 2ac -{- cx^=i arf + 

df — ad^x -f- cd^x, 

3. Free the equation 

8 a; _ g _ 30 



x + 2 dx 

from fractions. 

Ans. 24x2 — i8«a — 36x= 20^ + 40. 

4. Free the equation 

18 + x _ 20r+9 65 

6(3^x) ~ 19— 7x ' 4(3— 2J) 
from fractions. 

Ans. 684 _ 214 x — 14 x^ = 6i2x — 324 — 240 x2 
— 3705+ 1365 X. 

5. Free the equation 

X +.y __ X — y ___ * 1 1 .1 



+ 



X — y aJ-f-y a;— y « + y ' «2 — yS 
from fractions. 

x2+2xy+y2_je2^2xy— y2 = x+y — x+y + 1. 
6. Free the equation 

a* _ a* + 6^ 

from fractions. 

Ans. aSx^^flXftXasflja; Jx^ftSr, 

6 
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To free a Fraction from negative Exponents. 

86. CoroUary. If the given equation contains nega- 
tive exponents, it can be freed from them by arts. 57 
and 69. 



EXAMPLES. 



1. Free the equation 






X — x— 1 

from fractions and negative exponents. 

Ans. x3 -j- X = x2 — 1, 

2. Free the equation 

«* -J- a— « x« — r-« 
from fractions and negative exponents. 

. Ans.Q^^a^^ — a2» = a^*a:3« — x««. 

87. Theorem. A term may be iran^osed from one 
member of an equation to the other mem^ber, by merely 
reversing its sign ; that is, it may be suppressed in 
one member and annexed to the other member with 
its sign reversed from + to — , or from — to +. 

Demonstration, For suppressing it in the member in which 
it at first occurs is the same as subtracting it from that mem- 
ber; and annexing it to the other member with its sign 
reversed is, by art. 24, subtracting it from the other mem- 
ber ; and, therefore, by art. 83, the equality is preserved. 

88. Corollary, All the terms of an equation may be 
transposed to either member, leaving zero in the other 
member; and the polynomial thus formed m^xy be 
reduced to its simplest form, by arts. 20 and 84. 
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EXAMPLES. 

1. Reduce the equation 

7^1 "" a; + l x2 — I 

to its simplest form in a series of monomials. 

Solution, This equation, freed frpm fractions by art. 85, is 

7x»+i + 7z« = 62«+* — 5x«+i — X* — Sxn — 6aJ»+^, 
which becomes, by the transposition of its terms and by the 
reduction of art. 20, 

12x»+i+ 11 x« =0, 

and, by striking out the factor x", 

12 a; +11 = 0. 

2. Reduce the equation 

g8 + 1 X — I _ x-f 1 

to its simplest form in a series of monomials. 

Ans. 2xa + l=3 0. 

3. Reduce the equation 

ax2-|-6x-|-c ax^ — bx — c - 

X2 + 1 ~ X2 — 1 

to itar simplest form. 

iin5. 6x + c . — a = 0. 

4. Reduce the equation 

a*4-a-« a« — ur- « 

! =' . 

x«-f- X— • x« — x-« 

to its simplest form. 

Ans. ifi* = x9«. 
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Equations of the First Degree. 

SECTION III. 

Solution of Equations of the First Degree, with one unknown quantity. 

89. Theorem. Every equation of the first degree^ 

with one unknonm quantity, can be reduced to the 

farniy 

Ax + B =0; 

in which A and B denote any known quantities y whether 
positive or negative, and x is the unknown quantity. 

Demonstration. When an equation of the first degree 
with one unknown quantity is reduced, as in art. 88, its first 
member iei composed of two classes of terms, one of which 
contains the unknown quantity, and the other does not. 
If ihe unknown quantity, which we may suppose to be Xj is 
taken out as a factor from the terms in which it is contained, 
and its multiplier represented by A, the aggregate of the first 
class of terms is represented h^ Ax\ and the aggregate of 
the terms of the second class may be represented by JB ; 
whenoa the equation is represented by 

90. Problem. To solve an equation of the first rfe- 
gree with one unknown quantity. 

Solution, Having reduced the given equation to the form . 

M X + J5 = 0, 
transpose B to the second member by art. 87, and we have 

il z = — B. 
Dividing both members of this equation by A^ gives 

B 

. = --. 

Hence, to solve an equation of the first degree^ reduce 
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it, as in art. 88, transposing its knoum terms to the 
second member, and all its unknottm terms to the first 
member; and the value of the unknown qv^rUity is 
equal to the quotient arising from the division of the 
second member by the m^ultiplier of the unknown 
quantity in the first member. 

91. Corollary. When A and B are both positive or 
both negative, the value of x is, by art. 30, negative ; 
but when A and B are unlike in their signs, one posi- 
tive and the other negative, x is positive. 

93. Corollary. When we have 

£ = 0, 

the value of a? is 

ar = J- = 0. 

A 

93. Corollary. When we have 

A=zO, 
the value of a? is 

B 

^ = --0- 

But the smaller a divisor is, the oflener must it be contain- 
ed in the dividend, that is, the larger must the quotient be ; 
and when the divisor is zero, it must be contained an infi- 
nite number of times in the dividend, or the quotient must b^ 
infinite. Infinity is represented by the sign gd. We have, 
then, in this case, 

X = — oo. 

The given equation is, howevet, in this case, 

OXx + B=zO, 
6* 
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Cases in Eqaations of the First Def^ree. 

which reduces itself to 

J5 = 0, 
an obvioas absurdity, unless B is zero« 

The sign oq is, therefore, rather to be regarded as 
the expression of the peculiar species of absurdity 
which arises from diminishing the dienominator of a 
fraction till it becomes zero. 

94. Corollary. When we have 

^ = 0, and £ = 0, 
the yalue of x is 

which is equal to any quantity whatever, Und is called 
an indeterminate expression. 

The given equation is, indeed, in this case 

X X + = 0, 

an equation which is satisfied by any value whatever 
of x^ and is calleid an identical equation. 



EXAMPLES. 

1. Sol?e the equation 

8x — 5=13 — 7i, 

Aus. X = !■{•. 

2. Solve the equation 

iln^ X = 116Hf. 
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3. Solve the equation 

ax'\-' c =^ bx -^ d. 

d — c 

Ans. X = -. 

a — 

4. Solve the equation 

a(d^ +»2) . ax 

dx 'a 

d 
Ans, X = -. 
c 

5.' Sol?e the equation 

a-\-hx d •\' ex' 

- cd — af af — cd 

Ans. X = ^^ ^ == -^ j-^. 

oj — ct ce — bj 

6. Solve the equation 

Zabc a^b^ ( 2fl + 6)62g _ bx 

. ab 

Ans, X = — ; — -, 
a-f- b 

7. Two capitalists calculate their fortunes, and it appears 
that one is twice as rich as the other, and that together they 
possess 9 38 700. What is the capital of each? 

Ans. The one has 9 12900, the other $25800. 

• 

8. To find two such numbers, that the one may be m 

times as great as the other, and that their sum = a. 

, a . ma 

Ans. — T—- and — r— -. 
»!-}- 1 m-4- I 

9. The sum of 9 1200 is to be divided between two per» 
sons, A and B, so that A^s share is to ^'s as 2 to 7. How 
much does each receive? 

Ans. A 9206}, B «933f 
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10. To divide a number a into two such parts, that the 

first part is to the second as m to n. 

. ma , na 

Ans, — : — and 



11. How much money have I, when the 4th and 5th parts 
of it amount together to $2,25? 

ilns. 9 5. 

12. Find a number such, that when it is divided sacce»- 

sively by m and by n, the sum of the quotients = a. 

■. mna 

Ans. — i — . 
m + it 

13. Divide the number 46 into two parts, so that when the 
one is divided by 7, and the other by 3, the sum of the quo- 
tients = 10. 

Ans, 28 and 18. 

14. All my journeyings taken together, says a traveller,^ 
amount to 3040 miles; of which I have travelled 3^ times as 
much by water as on horseback, and H^ times as much on 
foot as by water. How many miles did he travel in each 
of these three ways? 

Ans. 240 miles on horseback, 840 miles by water, 
and 1960 mites on foot 

15. Divide the number a into three such parts, that the 

second may be m times, and the third n times as great as the 

first. 

. a ma na 

^^' i-i-wi-i-n' i-f-m + n' l-f-«i-|-n' 

16. A bankrupt leaves $21 000 to be divided among four 
creditors A, B, C, D, in proportioa to their claims. Now 
A'b claim is to B*9 as 2 : 3 ; ^'s claim : Cs ==: 4 : 5 ; and 
Cb claim : D's = 6:7. How much does each creditor 
receive ? 

Ans. A 93200, B $4800, C $6000, D $7000. 
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17. Divide the number a into three such parts, that the 
Ist shall be to the ^d as m to n; and the 2d part : the 3d == 
p:q. 

. mpa^ npa nqa 

mp'\-np'\-nq mp-\^np'\-'nq* mp-\-np-\-nq 

18. There are two numberis whose sum is 96, and differ- 
ence 16 ; what are they ? , Ans, 56 and 40. 

19. A father gives to his five sons $1000, which they are 
to divide according to their ages, so that each elder son shall 
jeceive $20 more than his next younger brother.. What is 
the share of the youngest? Ans, $160. 

20. One has six sons, each whereof is 4 years older than 
his next younger brother ; and the eldest is three times as 
old as th6 youngest. What is the age of the eldest? 

Ans, 30 years. 

21. There is a certain fish whose head is 9 inches; 
the tail is as long as. the head and half the back ; and the 
back is as long as both the head and the tail together. 
What is the length of the fish? . Ans, 72 inches. 

22. Five gamesters have lost jointly $40f ; ^'s loss 
amounts to ^ dollar more <han triple ^'s ; Cs loss is $2 less 
than twice jB's ; D lost j^ dollar less than A and B together ; 
and E twice' as much as B less ^ dollar. How much did 
each of them lose ? * 

Ans, A $2, B $6^, C $11, D $8J, E $12^. 

23. A mason, 12 journey men ,^ and 4 assistants^ receive 
together $ 72 wages for a certain time. The masod receives 
$1 daily, each journeyman j- dollar, and each assistant 
^ dollar. * How many days mast they have worked for this 
money ? Ans, 9 days. 

24. Find a number such that if you multiply it by 5, sab* 
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tract 24 from the product) di?ide the remainder bj 6, and 
add 13 to the quotient, you will obtain this number. 

Ans. 54. 

25. A courier left this place n days ago, and makes a 

miles daily. He is pursued by another making b miles 

daily. In how many days will the second overtake the 

first 1 ^ n a . 

Ans. days. 

b — a 

26. A courier started from a certain place 12 days ago, 
and is pursued by another, whose speed is to that of the first 
as 8 : 3. In how many days will the second overtake the 
first ? ^ Ans. H days. 

27. A courier started from this place n days ago, and is 
pursued by another whose speed is to that of the first as ^ is 
to p. In how many days will the second overtake Ihe first ? 

Ans. — . 

p — q 

28. Two bodies move in opposite directions ; one moves c 
feet in a second, the other C feet. The two places, from 
which they start at the same time, are distant a feet from 
one another. When will they meet? 

Ans. In -TT— ; — seconds. 

29. T,wo bodies move in the same direction fi'om two 
places at a distance of a feet apart ; the one at the rate of c 
feet in a second, the other pursuing it at the rate of C feet 
in a second. When will they meet? 

. Ans. In 7= . seconds,. 

C — c 

30. At 12 o'clock, both hands of a clock are together. 
When and how often will these hands be together in the 
next 12 hours? 
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Ans, At 5^ minates past 1, 
at 104^ minutes past 2, 
at 16^ minutes past 3, 
and so on, in ealh suc- 
cessive hour, 5^ min- 
utes later. 

'31. Two bodies move afler one another in the circumfer- 
ence of a circle, which measures p feet. At^ first they are 
distant from each other by an arc measuring a feet ; the 
first moves c feet, the second C feet, in a second. When 
will those two bodies meet for the first time, second time, 
and so on, supposing that tbey do not disturb each other's 

motion? 

a p -\- a 2p-|-a 

Ans. In , ~-i — , -~— ! — , &c. seconds. 

C — c C — c C — c 

d2. When will they meet, if the first begins to move t 
seconds sooner than the second ? 

Ans. In -^^ — , ^-^ — ■ , jT — , &c. seconds. 
C — c C — c C ^— c 

33. But when will they meet, if the first begins to move 

t seconds later than the second ? 

- a — ct p + a — ct 2» + a — ct „ , 

Ans. In -7= , ^—7= , — 77 , &c. seconds. 

C — c C — c C — c 

34. When will they meet, if the first, instead of running 
in the saitie direction with the second, runs in the opposite 
direction, and starts at the same time ? 

a P -h a 2o4-a 3p + a . ' , 

^- I" -c+7' cT'c c+7' c+7' *'*^- ""'"''* 

35. When will they meet, if, moving in an opposite di- 
rection to the second, the first starts t seconds sooner than 
the second ? 

. _ a — ct p-\-a — ct 2p + a — ct . , 
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36. But when Will they meet, if, moving in an opposite 

direction to the second, the first starts t seconds later th4n 

the second ? 

m-^ct p-\'a-^ct 2p + a-{-ct . . 

Ans. In — -i- — , - ' ' , ' ' — , &c. seconds. 

C -{- c C + c C -f-c 

37. A wine merchant has two kinds of wine; the one 
costs 9 shillings per gallon, the other 5. He wishes to mi;c 
both wines together, in such quantities, that he may have 50* 
gallons, and each gallon, without profit .or loss, may be sold 
lor 8 shillings. How must he mix them ? 

Ans, 37 i gallons of tlie wine at 9 shillings, with 
12^ gallons of that at 5 shillings. 

38. A wine merchant has two kinds of wine; the one 

costs a shillings per gallon, the other b shillings. How must 

he mix both these wines together, in order to have n gallons, 

at a price of c shillings per gallon ? 

(g — - c) n 
Ans, " ^ gallons of the wine at b shillings, 

and ^^ ^ gallons of that at a shillings. 

39. To divide the number a into two such parts, that, if 
the first be multiplied by m and the second by n, the sum of 
the products is 6. 

- b — na _ ma — b 

Ans, and • . 

m -— n m —r- n 

40. One of my acquaintances is now 30, his elder brother 
20 ; and consequently 3:2 is the ratio of his age to his 
brother's. In how many years will their ages be as 5 : 4? 

Ans, In 20 years. 

41. What two numbers are those, whose ratio = a:5; 
but, if c is added to both of them the resulting ratio = m :n, 

Ans. ffl^ir:^ and t'J!^. 
^an — bm an — bm 
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49* Find' a number siidh that 5 times the number is as 
much abo?e 20, as the number itself is below 20. 

Ans. 6J. 

43. A persan wished to buy a house, and in order to raise 
the requisite capital, he tlraws the same sum from each of 
his debtors. He tried, whether, if he obtained $250 from 
each, it wodld be sufficient for the purpose ; he found, how- 
ever, that he would then still lack $2000. He tried it, there- 
fore with $340; but this gave him $880 more than he Re- 
quired. How many debtors had he ? Ans, 32. 

44. A father leaves a number of children^ and a certain 
sum, which thej are to divide amongst them as follows : 
The first is to receive $100, and then the 10th part oi^the 
remainder; after this, the second has $200^ itnd the 10th- 
part of the remainder ; again, the third .receives $3Q0, and 
the 10th part of the remainder; and so on, each succeeding 
child is to receive $100 more than the one preceding, and 
then the 10th part of that which stilt remains. But it is 
found that all the children have received the same sum. What 
was the fortune jeft? and what Was the number of children? 

Ans, The fortune' was $ ftlOO, 

and the number of children 9. 

45. Divide the number 10 into two such parts, that the 
difference of their squares may be 20. Ans, 6 and 4. 

46. Divide the number a into two such parts, that the 

difference of their squares may be b. 

a^ + b ^a^^b 

Ans. — ^r-! — and —7; . 

2a 2a 

47. What two numbers are they whose difference is 6, 
and the difference of whose squares is 45? 

' Ans. 7 and 2. 
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48. What two numbers are they whose difference is a, 
and the difference of whose squares 'is 6? 

^ 95. Corollary. When the solution of a problem gives 
zero for the value of either of the unknown quan- 
tities ; this value is sometimes a true solution ; and 
spmetimes it indicates an impossibility in the propo- 
sed question. In any such case, therefore, it is neces- 
sary to return to the data of the problem and investi- 
gate the signification of this result. 



EXAMPLES. 

1. In what cases would the value of the unknown quantity 
in example 25 of art. 94 become zero? and what would this 
value signify ? Ans, When n = 0, 

or when « = ; 

and, in either case, this value signifies that the 
couriers are together at Che outset; and zero 
must, therefore, be regarded as a real sc^ution. 

2. In what cases would the value of the unknown quantity 
in example 35 of art. 94 become zero ? and what would this 
value signify ? 

Ans. When < = -^or = ^--7 — , or = -^-— = — , dtc. 

c c c 

w 

and either of these equations signifies that the 
bodies are together when the second body starts, 
the first body having just arrived at the point of 
departure of the second, and zero is, therefore, 
to be regarded as a real solution. 
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3. hk what oasds would the value of one of the unknown 
quantities in example 38 of art. 94 become zero? and what 
would this vahie signify 1 

Ans, When, either 

a = c, or 6 = c ; 
and, in either case, these equations indicate that 
the price of one of the wines is just that of the 
required mixture, and^ of course, needs none of 
the other wine added to it to make it of the re- 
quired value; and zero, must, therefore, be re- 
garded as a true solution. 

4. In what cases would- the value of one of the unknown 
quantities in example 39 of art 94 become zero 1 and what- 
would this value signify? Ans.^ When 

b =: na, or = m a ; 
and these equations indicate that a is itself such 
that, muItipHed either by m or by n, it gives a pro- 
duct ±= b ; and zero may be regarded as a true 
solution, expressing that one of the parts is zeroi 
while the other is the number a itself 

5. In what cases would the value of one of the unknown 
quantities in example 41 of art. 94 become zero? and what 
would this value signify ? 

Ans. First. When a = OJ or 6 = 0, 
and, in this case, zero 'is a true solution by re- > 
garding all numbers as having the same ratio to 
zero. 

Secondly. When c = 0, 
and, in this case, the problem is impossible, for 
the ratio of no two numbers can be equal to 
each of the unequal ratios a : h and m : n. 

Thirdly, When m = n, 
and, in this case, the problem is impossible, for 
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no two numbera, whose ratio s= a : 6, and which 
are therefore unequal, can, by the addition of 
c to each of them,, become equal to eteh other, 
as required by the ratio iit : n = m : m ==: 1. 

96. When the sointion of a problem gives, for the 
values of one of its unknown quantities, any fractions, 
the denominators of which are zero, while the nume- 
rators are not zero f such values are, generally, to be 
regarded as indicating an absurdity in the enunciation 
of the problem. 



EXAMPLES* 

m 

1. In what case does the denominator of the fractional 
value of the unknown quantity in example 25 of art. 94 be* 
come zero? and what is the corresponding absurdity in the 
enunciation of the problem T ^ 

Ans, When a == 5,, 
and the absurdity is that, while the couriers are 
travelling at the same rate, it is required to de* 
termine the time in which one will overtake the 
other. 



2. In what case do the denominators of the fractional 
values of the unknown quantity in example 38 of art. 94 
become zero? and what is the corresponding absurdity in 
the enunciation of the problem ? 

Ans. When a ass 6, 
and the absurdity is that, while both the wines 
are of the same value, they should give a mix- 
ture of a value different from their common 
value. 
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3v In vfhat case would toe denominators of the fractional 
values of the unknown quantities in example 41 of art. 94 
become zero? and what: is the ccMresponding absurdity of 
the enunciation 1 

Ans, When an = 6 m, 
that is, when a : h ==zm i n; 
and the absurdity is, that the ratio of two Bum- 
bers should not be changed by increasing them . 
both by the same quantity. 

' 4< In what case would the denominators of the frac- 
tional values of the unknown quantities in example 48 of 
art. 94 become zero ? and what is the correspcmding absur- 
dity of the enunciation 1 ' 

Ans. Wh6n a == 0, . 
and the absurdity is, that the squares of two 
equal nujnbers should differ. 

97. Corollary. When the solution of a problem 
gives for the 'value of either of its unknown quanti- 
ties a fraction whose terms are each equal to zero^ 
.this value generally indicates that the coiiditions of 
the problem are not sufficient to determine this un- . 
known quantity, and that it may have any value 
whatever. In some cases, however, there are limita- 
tions to the change of , value of the unknown quan- 
tity. ^ 

EXAMPLES. 

1. In what case would both the terms of the fractional value ' 
of the unknown quantity in example' 25 of art. 94 become 
zero? and how co^ld this value be a solution ? 

7# 



A 
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Ans, When b = a, 
and n =?; P ; 
and th^se eqqatioBs signify, thai the cou-riera 
travel equally fast, and start at the sani« time ; 
and, therefore,, they remain together, and any 
number whatever ma^ be taken as the value of 
the unknown quantity. 

2. In what case would both the terins of either of the 
fractional values of the unknown quantity in example 31 
of art. 94 become zero t and how could this value be a so- 
lution'? • 

Ans. When a = o, 
and C ^ c\ 
and these equations signify^ that the bodies move 
equally fast^^. and start from the same place ; they^ 
therefore^ remain* together, and any number 
whatever may be taken ias the value of the un* 
known quantity. 

But, in this case, all the algebraic values of 
the unknown quantity but the first become infi- 
nite, as they should, because they are obtained 
on the supposition that the second body has 
passed rouncf the circle otice, twice, &c. oilenep 
than the first body ; which is here unpossible. * 

3. In what case would all the ternis of ^l^e fractional values 

of the unknown quantities in exampfe 38 of art. 94 become 

zero? and how could they, then, satisfy the conditions of the 

problem I 

Ans, When - a = 6 = c ; 

and these equations signify, that the wines and 

the mixture are all of the same value ; in what^ 

ever proportion, therefore, the wines are mixed 

together, the mixture must be of the required 



L 
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t - - 

value. But the values of the unknown quanti* 

ties are still subject to the limitation that their 

sum is n. . 

4. In what case would- the terms of the fractional values 
of the unknown quantities in exatnple 39 of art. 94 become 
zero? and how could they, then, satisfy the .conditions of 
the problem ? 

Ans. When ' m = n, 
. and 6 = ri a = m a ; 
and these equations signify, that the sum 5 of the 
products of the parts of a multiplied. by m = n 
is to* be equal to the product of a multiplied by 
n ; and this is, evidently, the case into whatever 
parts a is divided. . ' 

5. In what cases would all the terms of the fractional 
values of th^ unknown quantities in example 41 of art. 94 
become zero? and how could they, then, satisfy the con- 
ditions .of the problem ? 

Ans. First. When a : b =^ m : n, 

and c = ; 
for, these equations indicate that the two re- 
quired numbers are cmly subject to the condition 
that their ratio = a : ft. 

Secondly, When m =: n, 

and a:6 = fft:ii=sm:fn=±:l, 
that is, a =: b; 
for these equations indicate that the two num- 
bers are to be equal ; and that they are to remain 
equal, when they are increased by c, which would 
always be the case. 

6. In what case would all the terips of the fractional 
values of the unknown quantities in example 48 of art 94 
become zero? and how could these values be solutions? 



I 



« '80* ALGEBRA, [CH. III. ^ UI. 

■ « .11 ..■■■■., 

Caaea of negative value of unknown quantity. 

Ans. When ,« = 0, 
and 6 = 0; 
and their equations indicate that the numbers 
are to be equal, and that their square? are to he ' 
equal, which is always the case with equal num- 
bers. 

98. Corollary. When the solution of a problem 
gives a negative value to either of the unknown 
quantities, this value is not generally a true solution 
of the problem; and if the solution gives no other 
than negative values for this quantity, the*problem is 
generally impossible. 

But, in this case, the negative of the negative value 
of the unknown quantity is positive ; so that_ the 
enupciation of the problem can often be corrected by 
changing it, so that this unknown quantity may be 
added instead of being subtracted, and the reverse. 

EXAMPLES. 

1. In what case would the value of the unknown quan- 
tity in example 25 of art. 94 be negative? why should it be 
80? and could the enunciation be corrected for this case? 

Ans. When a > 6 ; 
that is, when the second courier goes slower 
than the one he is pursuing, in which case he 
evidently cannot overtake him ; and ' the enun- 
ciation does not, in this case, admit of a legiti- 
mate coilrection. 

2. In what case would the values of the unknown quan- 
tities in examples 29, 31, 32 be negative? why should this- 
be 80? and could •the enunciations be corrected for this 
case? 
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Ans, When c > C; 
that is, when the first body moves faster than the 
second, in which case the second oannot over- 
take it. 

The enunciation may be corrected for this 

case by supposing the bodies to' travel in the 

' opposite direction to that which they are at 

present taking, that is, by supposing the first 

body to pursue the second. 

Examples 31 and 32 are not, however, impos- 
sible in this case ; .fot*, from the very nature of 
their circular motion, the first body is necessarily 
pursuing the second even in their present di- 
rection ; the second body must not, however, be 
considered as a feet or a ••{* c t feet behind the 
first, but as jp -^ a or p — (a -|- c /) feet before 
it. 

3. In what' cases would the values of the unknown quan- 
tity in example 33 of art. 94 be negative ? why should this 
be the case? and could the enunciation be corrected for this 
case? , 

Ans, First, When C <cc, 
which is subject .to the same remarks as in the 
preceding question. 

- Secondly. When C> c^ 

and~c^>ii, or >i> + a» oi: >2p4"^>^^*» 
that is, when the first .body does not start until 
the second body has passed it once, or twice, 
or three times, &»c. ; and if the bodies were 
moving in the same straight line, the enunciation 
would not admit of legitimate correction. As it 
is, however, the first body is still pursued by the 
second, and isp-f-a — ct^ 2|>-|-a — c 4,(fcc. 



82 ALGCBRA. [CH. III. ^ III. 

. Cases of negative value of unknown quantity. 

feet before the second, when it starts; so that 
all the values given for the unknown quantity 
are correct, except the negative ones. 

4. In what cases would the values of the unknown quan- 
tity in example 35 of art. 94 be negative ? ^hy should this 
be the case? and could the enunciation be corrected for this 

case? 

Ans. When 

c ^ > a, or > p -[- a, or > 2p -{- a, &c. ; 

that is, when the first body has passed the second 

. once, twice, &c. before the second begins to 

move. 

If the bodies were moving in the same straight 
line, the second body would be obliged to change 
its direction, aud move in the same direction with 
the first, and even with this change of enuncia- 
tion the problem is impossible, if the second body 
moves slower than the first. 

But as it is, the bodies are still moving towards 
each other in the circumference of the circle ; 
their distance apart at the instant wheki the second 
body starts being p ^a — ct, or 2p -{-a — ct 
dz>c. feet ; so that all the positive values of the 
unknown quantity are true solutions. 



5. In what cases would the values of either of the un- 
known quantities in example 38 of art. 94 be negative? why 
should this be the case ? and could the enunciation be cor- 
rected for this case ? 

Ans. ' If we suppose, as we evidently may, that 

a>h\ . 

one of the values is negative. 

First. When a < c ,• 
that is, when the price of the most expensive 
wine is less than that of the required nfixture. 
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Secondly, When h"^ c\ 
that is, when the price of the* least expensive 
wine is more than that of the mixture. 

In either case the problem is altogether impos* 
sible, for two wines cannot be mixed together so 
as to produce a wine more valuable than either 
of them with'but a gain, or less valuable than 
either of them, withoat a lo^s. * 

6. In what eases would the value of either of the unknown 
quantities in example 39 of art. 94 be negative 1 why should 
this be so ? and could the enunciation be corrected for this 
case? 

Ans. Supposing, as we may, that 

m > n ; 
FirsU When n a'> h, 
that is, when the sum 6 of the products is less 
than the product of a by the least of the UQin- 
bers m and ft. 

Secondly, . When m a Kb; 
^ that is, when the sum h of the products is^reater 
than the product of a by the greater of the oum- ' 
bers m and n. 

In either of these cases, the problem is plainly 
* impossible; and, in the corrected enunciation, 
V a should be the difference of the required num- 
i>ers, and b the difference of the products ob- 
tained front multiplying one of the numbers by 
m and the other by n. 

7. In what cases would the values of the unknown quan« 
tities in example 41 of art. 94 be negative ? why should this 
be so? and could the enunciation be corrected for this case? 

Ahs. First, When m > «, 
aiid an Kb m, or a:b <m :n; 
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• Cases of negative value of unknown quantity. . 
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that is, when the first ratio is less than the sec- 
ond, and the second is greater than unity. - 
Secondly. . When m <in, 
^ and a : 6 > »i : n ; 

that is, when the second ratio is less than the 
: iirst, and also less than unity. ' 

In either case (he problem is impossible, and 
e is to be subtracted instead of being added in 
the corrected enunciation. 

8. In what case would the value of one of the unknown 
quantities in example 46 of art. 94 be negative ? why should 
this be so? and could the enunciation be corrected for this 
case ? - 

Ans* When 6 > a^ ; 
that is, when the difference of the squares of the - 
parts of a is to be less than the square of the 
number itself, which can never be the case ; for . 
the greatest possible difference of squares cor- 
>, responds to the case in which one of the parts 

' is .the number a itself, and the other is zerq,; 
and the difference of the squares is then just - 
equal to the square of a. 

The enunciation is corrected for this case by 
stating it as in example 48. * * 

99. Corollary. It follows from example 7 of the 
preceding section that a fraction or' ratio, which is 
greater than unity, is increased by diminishing both 
its terms by the same quantity; and a fraction or 
ratio, which is less than unity, is diminished by di- 
minishing both its terms by the same quantity ; but 
the. re verse is the case, when the terms are increased 
instead of being diminished. 
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One Equation with seyeral unknown quantitiei. 



SECTION IV. 



• 



Equations of the First Degree containing two or more unknown 

quantitiei. 

100. la the solution of complicated problems in- 
volving several equations, it is often found convenient 
to use the same letter to denote similar quantities,^ 
accents or numbers being placed to its right or left, 
above or below^ so as to distinguish its different values* 

Thus, rt» a', a^ a'", a«^ , . . . . «<»), &c. 
a(0, a(9), a(3), aW, . , . . a(»), &c 

^i' "a' ^3' «^> ^ • • • • «»» ^c. 

'a, "a, '"a, '^a, "a, &c. 

»a, *a, 'a, *a, *a, &c. 

i«, 9«» 3«> 4f» > • • • • • «^» . *'<^- 

2 4* 1 3» 9 ' 1 n « » • 

may all be used to denote different quantities, though they 
generally are supposed to imply some similarity between the 
quantities which they represent. Care most be taken not to 
confound the accents and the numbers in parentheses at the 
right with exponents. 



• 



101. Problem. To solve an equation toith several 
unknown quantities* 

m 

Solution. Solve the given equation precisely as if 
all its unknown quantities were known, except any 
otle of them which may be chosen at pleasure ; and 
in the value of this unknown quantity y which is thus 
obtained in terms of the other unknown quantities, 
any values whatever may be substituted for the other 

8 
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iDdeterminate Equations referred to the theory of Niambers. 

unknown quantities, and the corresponding value of 
the chosen unknown quantity is thus obtained. 

102. Corollary, An equation whidi contains sev- 
eral unknown quantities is not, therefore, sufiScient to 
determine their values, and is called indeterminate. \ 



103. Scholium. The roots of an indeterminate 
equation are sometimes subject to conditions which 
cannot be expressed by equation^?, and which limit 
their values ; such, for instance, as that ^they are to 
be whole numbers. But their investigation depends, 
in such cases, upon the particular properties of differ- 
ent numbers,' and belongs, therefore, to the Theory 
of Numbers. 

104. Theorem. Every equation of the first degree 
can be reduced to the form 

in which A, B, C, ^c. a^id M are known quantities ^ 

either positive or negative, and x, y, z, Sfc. are the 

unknown quantities, 

ft 
Demonstration. When an equation of the first degree is 

reduced, as in art. 88, the aggregate of all its known terma 

may be denoted by M. Each of the other terms must have 

one of the unknown quantities as a factor, and, by art. 80, 

only one oP them, and that one taken but once as a; factor. 

Taking out, then» each unknown quantity as a factor from 

the terms in which it occurs, and representing its multiplier 

by some letter, as A, B, C, dz^c, the corresponding unknown 
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quantities being represented by z^ y, %^ ^z.i the equation . 
becomes 

106. Problem. To solve any equation of the first 
degree. 

Solution, Having reduced the equation to the form 

ii jc 4- ^y 4- C« + &c. + if = 0, 

find, as in art 101, the value of either of the unknown 
quantities, as x for instance, which, is, by art 90, 

— By — Cz — &c M 

* = A- ' 

and any quantities at pleasure may be substituted for y, 
2, &c. 

106. Problem. To solve several equations with sev* 
eral unknown quantities. 

First MetHod of Solution called that of Elimination 
by Substitution. Find the valu£ of either of the utir 
known quantities in one of the equations in which it 
occurs, and substitute its value thus found, which is 
generally in terms of the other unknown quantitiesj 
in all the other equations in which tt occurs* 

The new equations thus formed, together with those 
in which thi^ unknown quantity does not occur, are 
one less in number than the given equations, and 
contain one unknown quantity less, and may, by a 
succession of similar eliminations be still farther re* 
duced in number and in the numiber of their Unknown 
quantities, until only one equation is finally obtained; 
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Solution of £q^«tioB8. Elimination by Substitution. 
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. and the solution of all t1\e given equations is thus 
reduced to that of one equation. ~ ' 

107. Corollary, When there are just as many equa- 
tions as unknown quantities, the final equation of the 
preceding solution will, in general, contain. hut one 
uhknown quantity, the value of which maybe thence 
obtained ; and this value, being substituted in the 
values of the other quantities, will lead to the deter- 
mination of the values of all the unknown quan- 
tities. 

108. Corollary. When the number of unknown 
quantities is more than that of the given equations, 
the final equation will contain several unknown quan- 
tities, and will therefore be indeterminate ; so that 
a problem is indeterminate, which gives fewer equa^- 
tions than unknot&n quantities. 

109. Corollary. When the number of unknown 
quantities is less than that of the given equations, 
only as many of the given equations. are required to 
determine the values of the unknown quantities as 
there are unknown quantities ; and the problem is 
therefore impossible, when the values of the unknown ' 
quantities determined from the requisite equations do 
not satisfy the remaining equations. 

110. Problem. To solve two equations of the first 
degree with two unknown quantities. 

Solution^ Sitppose, as in art. 104, the giveD equations jo 
be reduced to tiie forms 
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Case in whieh tiie roots of two Equations we Zero, 

^'x^B'y-f JIf =0: 

in which x and y are the nnknown quantities. 

The value of x, obtained from the first of these equa- 
tions, is 

— By — M 
. ""-^ A • 

which, substituted in the second equation^ gives 

• A 

The value of y is found from this equation, bjr art. 90, 
to be •* * 

A' M—AM \ 
^"^ AB' — A'B* 

which, substituted in the above value of z, gives 

BM' — B'M 
^^ AB' —A'B' 

111. Corollary. The value of x^ obtained by the 
preceding solution, would be zero, if we had 

BM':=zB'M. 

* But, in this case, if the first of the given equations is 
multiplied by B', and the second by jB, these products be- 
come, by transposition and substitutioui 

AB'z =5 ^BBu — B'Ms 
A'Bz^^BBy^BM'^-^BB'y-^B'Mi 

whence 

AB'x = A'Bx;, 

that is, the given eqaationt involve the condition that two 

8* 
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Case in whkh the roots oC two £qu9tioiM w^ hmiute and tndeterminate* 

"■^ I ■ 1 I - II I I - --- — — ' — I ' ,^^____^_^^ 

difiereDt multiples of z are eqaa). But this is impossible, 
unless 

,2 = 0. 

The value of y would, likewise^ be zero, jf we bad 

which leads to similar eondusicms with regard to y as those 
just obtained wiih regard to x, 

112. XJorollary, The denominators of the Talues 
of both the unknowb quantities would be zero, if we 
had . 

But, in this ease, if the first of the given equations is 
multiplied hj B- and the second bjr £^ these products be- 
come, by transposition and substitution, 

AB'X'^'BB'y^B'M, 
A'Bx^BB'^=:AB'%^BB'y==BM'', 

whence, we must have 

B'M=iBM'; 

that is, thej inToIre the impossibility that the two unequal 
quanties B' M and B M^ are equaL 

113. Corollary, Both the terms of the fractional 
value of X would he zero, if we had 

BM' = B'M, and AB' = A'B. 

But, in this case, if the lirst of the given equations is 
multiplied by B' and the second by B^ the products become, 
by substitution, 

itB' X + B B'y + J5 Jf = 0, 

ii'J9«+J9B'y+Bir'=:iiB'x4-J9i3y-|-J?'jr=:0; 
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that is, the two gwen equations are equivalent to but one, 
and are, as in art. 108, indeterminate. 

The product or the two equations 

BM' — B'M, and AB' :=^ A'B^ 
is ABB'M' =; A'BB'M, 

which, divided by BB\ is 

so that both the terms of the value of y would also be zero. 

EXAMPLES* 

1. Solve the two equations • 

3 X 4- 2 y = 118, 

x4-5y = i9i- 

An$ X = 16, ^ :s 35. 

2. Solve the two equations 

a; y 

2+3"-^' 

3~ 2 -" *• 

Ans, X = 12, y = 6. 

3. Solve the two equations 

74-x 2x — y 

5y— 7 . 4x — 3 

. Ans, X = 3, y = 2. 

4. Solve the two equations 

ax=s6y, ' . 
x + y=s=c. 
. he at 



J+1' ^ - fl + 6' 
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Equations of the First Degree solved by Elimtnation by Substitution. 



I I . 



5. A says to B, * give me $100, and I shall have as much 
as you.' ' No/ says JB to ^, ' give me rather $100, and tbea 
I shall have twice as much as you.' How many dollars has 
each ? Ans, A ,$500, and B $700. 

6. Said a man to his father, ' how old are we ? ^ ' Six 
years ago,' answered the latter, * I was on» third more than 
three times as old as you ; but three years hence, I shall be 
obliged to multiply your age by 2^ in order to obtain my 
own.' What is the age of each ? 

Ans. The father 36, the son 15 years. 

7. A cistern containing 210 buckets, may be filled by 2 
pipes. By an experiment, in which the first was' open 4, 
and the second 5 hours, 90 buckets of water were obtained* 
By another experiment, when the first was open 7, and the 
other 3^ hours, 126 buckets wei:e obtained. How many 
buckets does each pipe discharge in an hour ? 

Ans, The first pipe discharges 15, 
and the second pipe discharges 6 buckets. 

8. There is a fraction such, that if 1 be added to its nu- 
merator its value becomes =»= ^ ; and if 1 be added to its 
denominator its value becomes =s: ^. What fraction is it ? 

Ans, ■^. 

9 Required to find two numbers such, that if the first be 
increased by a, and the second by 5, the product of these 
two sums exceeds the product of the two numbers themselves 
by c \ if, on the other hand, the first be increased by a', and 
the second by h\ the product of these sums exceeds the pro- 
ducts of the two numbers themselves by c'. 

Ans, The first is -^ rr^ , 

alb — ab' 

^. bc' — b'c + abb' — afbb' 
the second is ^-J -r, • 
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JCquations of the First Degree solved by Elimination by Substitution. 

10. A person had two barrels, and a certain quantity of 
wiae in each. In order to obtain an equal quaivHity in each, 
he poured out as much of the first cask into the second, as 
the second already conuined; then, again, he poured out 
as much of the second into the first ^as the first then con- 
tained, and Ustly, he poured out again as much from the 
first into the second as tha second still contained. At last 
he had 16 gallons of wine in each cask. How jmany gallons 
did they contain originally ? 

Aas. The first 23, the second 10 gallons. 

It. 31 lbs. of silver lose 2 lbs. ia water, and 9 lbs of cop- 
per lose 1 lb. in water. Now, if a composition of silver and 
copper weighing 148 lbs. loses 14f lbs. iji water, how many 
lbs. does it contain of each metal ? 

Ans, 112 lbs. of silver, and 36 lbs. of copper. 

12. A given piece of metal, which weighs p lbs., loses t lbs. 
in water. This piece, however, is composed of two other 
metals A and 3 such, that •p lbs. of A lose a lbs. in water, 
and /^ lbs. of B lose -6 lbs. How much does this piece con- 
tain of each metal ? 

6 — a 

and ii^:i^lbs.ofB. 
h — a 

13. According to Vitruvius, the crown of Hiero, king of 
Syracuse, weighed 20 lbs., and lost \\ lbs. in water. Assuming 
that it consists of gold and silver only, and that 19,64 lbs. of 
gold lose 1 lb. in water, and 10,5 lbs. of silver lose 1 lb. in 
water. How much gold, and how much silver did this crown 
contain ? 

An$. 14,77 . . . lbs. of gold, and 5,22 . . . lbs. of silf er. 
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Equations of the First Degree solved by Elimination by Substitution. 

114. Problem. To solve any number of equations 
of the first degree vnth the same number of unknown 
quantities. 

Solution, Let there be three equations with tJiree unknown 
quantities; these equations may, by art. 104, be reduced to 
the forms 

Ax + By + Cz + M = 0, 

A'% + B'y + Cz -f- Jf = 0, 

A"x + B"y+C'z+JF= 0. 

The vahie of x, as given by the first of these equations, is 

— By— Cz — M* 

X =1 ; 

A * 

which, being substituted in the other two equations, and-the 
resulting equations being reduced, as in art. 104, gives 

{^AB'—A'B)y'\'{,AC—A'C)z'\-AM—AM.^^, 
{^AB*—A'B)y'\'^ACy—A"C)z-^AM'—A'M^^. 

These equations, being reduced, as in art. 110, give 

_ {AC*—A"C)M'ir{A"C—AO')M'\'{AC—A'C)M! f 
^ "" \a'B"—A"B)C-\'{A"B—AB")C-\- \aB—A'B)0'' 

• 

_ {A" B'—AB")M-\-{AB"—A'B)M'\^{AB—AB')M* ^ 

* ~ \a'B"—A''B)c\- \a"B—AB") C + {AB'—A'B)C' ' 

in which the terms are arranged in groups in order to dis- 
{Jay the symmetry of the result; and these values, being 
substituted in the value of z, give 

_ ( B"C—B'C')M+(B C'—B"C)3F+(B'Cr-B C)M' 

* , (A'B"—A"B')C+{A"B — AB') o\-\a B'—AB) C* 

If this method of solution be applied to a greater number 
of equations, it will lead to similar results. 
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EXAMPLES. 

1. Solve the three equations * 

2; +, y + 2 = 6, 
2x + 3t/ + Az==20, 

Ans, a; = 1, y = 2, z = 3. 

2. Solve the three'equations 

y -|- ^x = 41, 

x + i« = 20J, 

^n5. a; == 18, y = 32, « = 10. 

3. Solve the three equations 

^3 _ ^x --. Ja =t= y — 109, 
ix + 4y=26, 
• 5y = 42. 

^»s. X = 64, y =^ 80, 2 = 100 

4. Solve the four equations 

*+ y+ «+ « = !» 

16x+ Sy--\-4tz-{-iu = 9, 
81x-j-27y4- 92 + 3« = 36, 
266x -f 64y 4- 1^« + 4«* = ^^' 
Ahs. x = i, y = i, « = i, M = 0. 

6. The sums of three numbers, taken two and two, are a, 
b, c. What are they ? 

Ans. JCa + 6— c), i(a + c — 6), J(i + c — a). 

6. A, By C compare their fortunes. A says to B, 'give 
me $700 of your money, and I shall have twice as much as 
you retain;* B says to C, *give me $1400, and I shall have 
thrice as much as, you have remaining ; ' C says to A, ' give 
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Examples to be solved by Elimioatioo by Substitution. 



me $420, and then 1 shall have 5 times as much as you re- 
tain.' How much has each ? 

Ans. A $980, B $ 1540, G $2380. 

7. Three soldiers, in a battle, make $96 booty, wj^ieh 
they wish to share equally. In order to do this, A, who 
made most, gives B and C as much as they already had ; in 
the same manner, B then divided with A and C; and after 
this, C with A and B, If, by these means, the intended 
equal division is effected, how much booty did each soldier 
make? 

.Ans. A $52, jB $28, and C$16. 

8, AyB, C, D, E play together on this condition, that 
he who loses shall give to all the rest as much as they already 
have. First A loses, then B, then C, then 2>, .and at last 
also JB, All lose in turn, and yet at the end of the 5th 
game they afl have the same sum, viz* g^ch $32. How 
much had each when they began to play? 

Ans. A $81, B $41, C$21, D $11, E 96. 

115. Second Method of solving the Problem of 
art. 106, called that of Elimination by Compari- 
son. Find the value of either of the tmknown quan- 
tities in all the equations in which it is co^itained ; 
place either of the values thus obtained equal to each 
of the others, and the equations thus formed vnll be 
one less in number than those from which they are 
obtained, and tvill contain one unknown quantity less. 
By contifiiwig this process on these new equations, 
4he number of equations will at last he reduced to 
one. 
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EXAMPLES, 

1. To sohe any two equations of the Jirst degree with 
two unknown quantities. 

, Solution, l^hese equations may, as ta art* 110, be reduced 
to the forms 

The values of z, obtained from these equations, are 

— Bjf~M 



X = 



X = 



A 
— B'y — M' 



A' ' 

which, being placed equal to each other, give 

— By — M _ —B'y — M' 

^ A "" A' ' ' ^ 

whence 

_ A'M--'AM' 

^ '^ AB' ^A' B' 

and, therefore, 

_ BM! — B'M 
^'^ AB' — A' B' 

being the same values as those obtained in art 110. 

2. Sol ?e the three , equations 

1+1+1=1? 

x^ y^ X 12' 

1 i_ i_ 2^ 

x'^ y «"■ 12' 
1_ 1 1_ ^ 

« y « "^ 12' 



9ft 



A|.cnBlMU 
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£zaiDf)le8 te be wived 1>y £liiiiiaatk>ii by ComperiBOD. 

Sohaian. The Talaes of x, obtained finom these eqattions, 

are 

12 y 2 

^'^ I3y«— laz — 12^ 

___l2j^ 

""^yz— 12«4-12y 

12 yg ^ 

*"~6yz+12«— 12y* 

the first of which being placed equal to each of the others 
gives, by reductkuiy 

• « = 4» 
y = 3; 

whence we get, from either value of x, by substitation, 

3. Solve the two equaiions 

7y=2x — 3y, 
19 X = 60 y -f e21f 

Ans. X s=s 88i, y = I7f , 

4. Solve the three equations 

3x + 5y = 161, 

7 X + 2 X = 209, 

2y 4- z^m. 
Ans. ^ = 17, y = 22, 2 = 45. 

5. Solve the three equations 

X y 

XX 

y • X 



il»5** X = 



X = 



a+6_c* y--a_6+? *7" 6-f e — a 
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6. Solve the three eqMtions 

2 3 1 4 

X 6y "f" * = *• 15' 


- 


1,1,2 fill 

4x + y "*" * "72* 




6* y ^ i 36' 


• 



Am. X, s= 6, y =r 9, « = ^. 

^, A person has twa horses, and two saddles one of which 
cost $50, the other $2. If he places the best saddle ii|x>n 
the first horse, and the worst upon the second, then the latter 
b worth $8 less than the other ; but if he puts the worst 
saddle upon the first horse, and the best upon the other, then 
the latter is worth. 3f times as much as the first. What is 
the value of each horse ? 

Ans, The first $30, the second $70. 

8. What fraction is that, whose numerator being doubled, 
and denominator increased by 7, the value becomes f ; but 
the denominator being doubled, and the numerator increased 
by 2, the value becomes f *? . Ahs, f. 

9. A wine merchant has two kinds of wine. If he mix 
3 gallons of the worst with 5 of the best, the mixture is worth 
$1 per gallon ; but, if he mix 3^ gallons of the worst with 
8f gallons of the best, the mixture is worth $1,03^ per 
gallon. What does each wine cost per gallon 1 

Ans. The best $1,12, the worst $0,80. 

10. A wine merchant has two kinds of wine. If he mix 
a gallons of the first with 6 gallons of the second, the mix- 
ture is worth e dollars per gallon ; but, if he mix t^ gallons 
of the first with b' gallons of the second, the mixture is 
worth & dollars per gallon. What does each wine cost per 
gallon? 
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Ans. The first (« + »i;^-(^ + t0^c^ 

ab' — a' b 

the ««ond <f+^- ?^fc^>£ dollam. 

a' b — ab' 

U. Three masons, A, B, C^ are to build a wall. A and 
B, jointly, could build this wall in 1^ days ; B and C could 
accpmplish it in 20 days ; A and C would do it in 15 days. 
What time would each take to dp it alone T 

An$. A requires 20, B 30> and C 60 days. 

12. Three laborers hxfi employed in a certain work. A 
and B would, together, complete it in a days ; A and O re- 
quire h days; JB and C require c days. In what time 
would each accomplish it singfy ? 

. -. 2abc t*,. .2a b c , 

Ans, A m r — p days, B m = — -; ; days, 

bc-j^ac — ab b c-J- ab^-ac 

^. 2abe ^ 

ab-^-aC' — be 

13.' A cistern nay b^ (tiled by three pipes, Af B, C, Bjr 
the pipes A and JB, it could be filled in 70 minutes ; by the 
pipes A and C, iiv 84 minutes ; and by the pipes B and C>- 
in 140 minutes. In what time would each pipe fill it ? 

Ans. A in 105, B in 210,. and C in 420 minutes. 

14. At B, C play faro. In the first game A has the 
bank, B and C stake the third part of their money, and wii». 
In the second game B has the bank, A and C stake .the 
third part of their money ^nd also win. Then C takes the 
bank, A and B stake the third part of their money and also 
win. After this third game they count their money, and 
find that they hare all the same sum of 64 ducats. How 
much had' each when they began to play 1 

Ans. A had 75, B 63, and C 54 dacats. 
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15. Five friejids, A, JB, C, Z>, E, jointly spend $879 at an 
inn. This sum is to be paid by one of them ; but on count- 
ing the dollars they had in their pockets, they find that none 
of them hac), alone, enough for this purpose. If, then, one - 
of them is to pay it, the others must give him a part of their 
money. A can pay, if lie receives one fourth ; B, if he 
receives one fifth; CVif he receives one sixth; D, if he re- 
ceives one seventh ; and JE, if he receives one eighth of the 
others' money. How m^ch has each ? 

Ans. A $319, B $459, C 643, IT $599, £7 $639. ^ 

1 16. Thh^d Method of solving the Problem of art. 
106, called that of Elimination by Addition and Sub' ' 
traction. 

Solution. This method is generally inapplicable to tran- 
cendental equations, but otherwise, to equations of any de- 
gree whatever ; that is, it is a method which can be success- 
fully applied in all such cases to eliminate one unknown 
quantity after another, until the given equations are reduced 
to one. 

In order to elirninate an unknown quantity from 
two equations which contain it, reduce them as in arts. 
79 and 88, and arrange their terms according to the 
powers of the qtrantity to be eliminated, taking out 
each power as a factor from the terms which contain 
it. 

It being now recollected that the second member of each 
of these equations is zero, it will appear evident that, if fhe 
first members are divided one by the other, the remainder 
arising from this division must likewise be equal to zero; 
for this remainder is the difference between the dividend 
and a certain multiple of the divisor, that ,is, between zero 
and a certain moltiple of zero. 

9* 
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Hence, divide one ofthesejirst members by the others 
and proceed^ as in arts. 46, S^e,, to find their greatest 
common divisor ; each successive remainder map be 
placed equal to zero. But a remainder will at Iqst be 
obtained y which . does not contain the quantity to be 
eliminated ; and the equation, formed from placing 
this remainder equal to zero, is the equation from 
which this^ quantity is eliminated. 

By eliminating, in this way, the unknown quantity 
from, either of the equations which contain it, taken 
with each of the others, a number of equations is 
formed one less than that of the giv&n equations, dnd 
containing one less unknown quantity ; and to which 
this process of elimination may be again applied until 
one equation is finally obtained*^ 

117. Scholium, It sometimes happens, that the first 
members have a common divisor which contain the 
given unknown quantity; and, in this case, the pro- 
cess cannot be continued beyond this divisor. 

But as the given first members are muhiples of their com- 
mon dtrisor, they must be rendered equal to zero by those 
Yalues of the unknown quantities which render the common 
divisor equal to zero; that is, the two given equations 
are satisfied by such values of the unknown quantities; so 
that, though they are in appearance distinct equations, they 
are, in reality^ equivalent to but one equation, to the equa- 
tion forn^d by placing their common divisor equal to zero. 

118. Scholium. Ciare must be taken that no factor 
be suppressed 'which may be equal to zero. 
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^fc^-i^iMte- 



EXAMPLES. 

1. Obtain one equation with one unknown quantity from 

■ 

the two equations 

a;3 ^ y a;2 — y« -f 5 = 0, 

x3 4- y* a: — 6 = 0, 
by ihe elimination of z. 

Solution, Divide the first members as folbws : 



■3 



+ y«''— y^ + 5 



+ ^^z — 5 



gg 4" y' ^ — ^ 

Ist Rem. yx'^—y^x-^i/^'\-\0. 

Divide the preceding divisor by this remainder after mul- 
tiply.ing by y to render the first term divisible. 

yxs-f-y'x — 5y i/x^ — y^x — y^^iQ 

ya;3-s-y2 2;2 — y3x*-j-10z z -[- y 
y*x^ + (2y« — 10)x — 5y 
y^x^— ys x-— y* + 10y 

2d Rem. (3y » — 1 0) z + y * — 15y. 

Divide the preceding divisor by this remainder after mul- 
tiplying by (3y® — 10) to render the first term divisible. 

y a;2 _ ya X — y3 -j- 10 
3y3_10 



3y3 
—10 

3y 

—10 



3 



yx2_ 3y5l2;— 3y« 100 

+ 10y2| -f 40y3 

yx2^ ystx 
_15y2 



3y3 
— 10 



* + y* 

-15y 



_ 4y6ia; _ 3y« — 100 
+ 25y2| -}-40y3 

3y3 _ 10 



yx, — 4yft 
Multiply by 

(3y3_10), 



(3ya_io)(_4y5+26y2)x— 9y94-150y 6— 700y 3+1000 
. (3y3— 10) (— 4y^+ 25yg) x-^yo+ 8gy«— 375ya 

— 5y« -f 05 6 _326y3 -f 1000, 
whence the required equation is 

— 5y»+e5y« — 325y3 + 1000= 0. 
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2. Obtain one equation with oae"anknown qoantity from 

the two equations 

i« -I- y» = fl, 
i5 + y5 — ft^ 

by the elimination of %. 

Ans. (y« — aY — (5* — 6)» = 0. 

3. Obtain one equation with one unknown quantity from 

the two equations 

x2 -I- y2 = 2, 

X* 4. 23 y + X2 y2 ^ X.y3 J^y^^\^ 

by the elimination of z. 

^715. y« _4y« + 14y* — 20y2 +9 =r 0. 

4. Obtain one equation with one unknown quantity from 
the two equations % 

*^ + ^y + y'' = i> 

by the elimination of x. * 

Ans. 4y^ — 6t/^ -j-3y2_i = 0. 

5. Obtain one equation with one unknown quantity from 
the two equations 

23 -J- y x2 _|. 2; -|- y = 4. 

23 ^ X2 -|- y IT = 3, 

by the elimination of x, 

Ans, Either y — 1 = 0, 

or y2_3y +21 =0. 

6. Obtain one equation with one unknown quantity from 
the three equations 

« + y + « = a. 
22 + 2y-(-y2 = 6, 
xyz=zc, 
by the elimination of 2 and y. 

Ans. «3 — a«2 + i^ — c = 0. 
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7. Obtain one equation wi^ one unknown quantity from 
the three equations 

*^+y^ + «' = ^ 

by the elimination of x and y. 

Ans, These thr^e equations involve an impos- 
sibility unless it2«_i — 2c = 0; 
and in ' case, this equation is satisfied^ by the 
given values of a, b, and c, the three given 
equations are equivalent to but two, one of them 
being superfluous, ^d, by the elimination of x, 
they give the indeterminate' equation with two un- 
known quantities 

y* -fry « -[-z2 — ay-^azr^-c == 0. 

8. Obtain one equation with one unknown quantity from 
the three equations 

x + ya=4, , . ' ' 

y+ 22=2, 
2 + xa = 10, 
by the elimination of x and y/ 

Ans. %« — 8«e -+- 16z* +2—10 = 0. 

9. Obtain one equation with one unknown quantity from 
the four equations 

x + y4.2 + ii = a, 

xy-f-xa;-j-a;M-j-yz-[-ya-f-2tt = 6, 

xy2-|-xyM-[-x2tt-j-yztt = c, . 

Ky2ffi = f, 

by the elimination of x, y, and 2; 

Atis. i«* — an* -{-6ti* — ctt + e = 0. • 
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19. Solve the two eqoationa 

Solution, The elimioatioH of z gives 

3y — 3=0, or 3f =±:l; 

which, being substituted in the first of the given eqaalioDB, 
produces x = 3. 

11. Solv^ the two' equations ^ 
a;2y4^8y2jc«4.i6»2--90!ry4-60(a?^ya)— 720(y— 1), 

(3^^ — 4j^ + 4)a; 13, 

5 ~ = 3-T' 

Ans, a; =E 4) y.=: /8. 

12. Solve the three equations 

a;y4-z=5, 

« y » -|" *^ = ^^> 

z ya -f a;2y _2x -f 2^ = 8. 

ilns. a; =±= 2, y =S5 1, % s: 3. 

119. Problem. To solve two equations of the first 
degree by Elimination by Additiorir and Subtraction. 

Solution. The given equations maj^ as in art 110^ be 
reduced to the forms 

Alx + B'y + M'==0. 

The process of the preceding article, being applied ^o 
these equations in order to eliminate x^ will be found to be 
the same as to 

Multiply the first equation by A' the coefficient ofx 
in the second, multiply the second by 'A the coefficient 
of X in the first y and subtract the first qf these pro* 
ducts from the second. 
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Tbiifli tliefe products are 

AA'x + A'B'y-^-A'M^O, 
AA'x-^AB'y + AM ^0', 

and the difference is ' 

{AB' — A'B)!/ + A3r — AM:^i); 

whesee 

_ AM--AM 

^'^AB'—A'B' 

In the same way y might }\aye been eliminated by multi- 
plying the first, equation by B', and the second by J3, and 
the difference of these products is 

{AB' — A'B)x-{-B'M—BM'—0; 

whence 

■^ BM' — BfM ' . 

*"■ AB'-^A'B'' 

the values of x and y thu3 obtained being the same as those 
girenin art 110. 

120. CoroUarj^ This process may be applied with 
the same facility to any equations of the first degree. 



EXAMPliES. 

1. Solve, by the preceding process, the two equations 

13a; + 7y — 341 = 7Jy .+ 43Jx; 
2x + iy=l. 

Ans, X ■=. ^ 12, y == 60» 

2. Solve, by the preceding process^ the two equations 

i^ + iy =« H- 

Ans. 25 art 12, y =i= 16; 
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3. Solve, by the preceding proceed, the thr^e equiitions 

x-f y + « = 30, 

82 + 4y + 2« = 50, 

27x4-»y + 32 = 64. 

Ans. X = f, y = — 7, « = 36j. 

4. Solve, bj the preceding process, the three equations 

3x— 100 = 5y 4-360, 

2jx 4- 200 = 16^ « r- 610, 

2y + 3« = 54a 

Ans. 'x = 360, y = 124, 2 = 100. 

5. Solve, by the preceding process,, the four equatioDs 

x_9y + 3«.— lOii =21, 

22; + 7y— z—. i« = 683, 

Sx-f- *+^2+ 2tt=195, 

4a;_6y — 22+ 9m = 516, 

Ans. X = 100, y = 60, z = — 13, w == — 60. 

6. Solve, by the preceding process, the four equations 

i^ + iy + f^ = 58, 

faj + tz + i«=79, 

^fi5. z = 12, y = 30, z= 168, u = 50. 

7. Solve, by the preceding process, the six equations 

X + y + 2 + < + tt :;= 20^. 
x-\-' y -\- z -\'U -^ w = 21, 

X 4- y 4- 25 + * -f «^ = ^> 

X'^z-\'U-\-i'^io=^ 24, 
y -|- « + tt -|- f +%» = 25. 

iln5. X = 2, y = 3) « = 4, ii = 5, # = 6, y = 7* 

« 

8. A person has two 4arge pieces of iron whose weight is 
required. It is Jcnown thai f ths of the first piece weigh 
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96 lbs. less than f ths of the other piece ; and that f ths of 
the other piece weigh exactly as much as f ths of the first. 
How much did each of these pieces ^eigh ? 

Ans^ The first weighed 720, the second 512 lbs. 

9. $i2652 are to be, divided amongst three regiments, in 
such a way, that each man of that regiment which fought 
best, shall receive $l,-and the remainder is to be divided 
equally among the men of the other two regiments. Were the 
dollar adjudged to each man in the first regiment, then each 
man of the^ two remaining regiments would receive $ ^ ; if 
the dollar were adjudged to the second tegiment, then each 
man of the other two regiments would receive $^; -finally, 
if the doHar were adjudged to the third regiment, each man 
of the other two regiments would receive $^, What is the 
nuinber of men in each regiment? 

Ans. 780 men in the first; 171& in the second, 
and 2028 in the third regiment. 

10. To find three numbers such that if 6 be added to the 
first and second, the sums are- to one another as 2 : 3; if 5 
be added to the first' and third, the sums' are as 7 : 11 ; but 
if 36 be subtracted from the second and third, the remain- - 
ders are as 6:7. 

Ans. 30, 48, 50. 



10 
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CHAPTER IV. 
Powers and Roots. 

SECTION I. 
Powen and Roots of MoDomiftk. 

121. Problem. To find any power of a monomial. 

Solution. The rule of art. 25, applied to this case, in 
which the factors are all equal, gives for the coefficient of 
the required power the same power of the giren coefficient, 
and for the exponent of each letter the giiren deponent added 
to itself as many times as there are units in the e3q[X)nent of 
the required power. Hence 

Raise the coefficient of the given m>onomial to the 
required power; and multiply each exponent by the 
exponent of the required power, 

122. Corollary. An even power of a negative quan- 
tity is, by art 27y positive, and an odd power -is nega- 
tive. 

EXAMPLES. 

1. Find the third power o(2a^b^c. Ans. Sa^b^'^c^. 
%' Find the ntth power of a» . Ans, a**. 

3. Find the — mth power of cC^, Ans, 

4. Find the mth power of ar^. Ans. 

5. Find the — mth power of fl—*. Ans. d*«. 

6. Find the 6th power of the 5th power of a^ h c^, 

Ans. a««ft»oce«. 
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7i Find the q\h power of the — jpth potrer of the mth 
power of a— ». Am. €^*f*. 

8. Find ^he rth power of a*» &-« a d. 

4ns. t^^h-^rcprar. 

9. Find the —3d power ofcr^b^ c- 5/» ar *. , 

10. Find the 4th power of — ^^^ Ans. 12 /74 f 4 • 

11. Find the — Smth power of the — 1st power of r-— . 

12. Find the 5th power of — ^a^. Ans. — 32 o". 

13. Find the 4th power of —36-3. Ans. 81 &-». 

14. Find the 5th power of the 4th power of the 3d power 
of — a. " Ans. a^. 

16. ^iad^he — dth power of the —3d power of — a. 

Ans. — » tf 1*. 

16. Find the — 4th power of the — 3d power of — •=•• 



Ans. ■^. 

m 

123. To find any root of a monomial. 

Solution. Reversing the rule of art. 121, we obtain im- 
mediately the following rule. 

Extract the required root of the coefficient ; aaid 
divide each exponent by the, exponent of the required 
root. 
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124. Corollary, The odd root of a positive quan- 
tity is, by art. 122, positive, and that of a negative 
quantity is negative. The even root of a positive 
quantity may be either positive or negative, which is 
expressed by the double sign ± preceding it. But, 
smce the even powers of all quantities, whether posi- 
tive or negative, are negative, the even root of a 
negative quantity can be neither a positive quantity 
nor a negative quantity, and it is,- as it is called, an 
imaginary quantity. * 

126. Corollary. When the exponent of a letter is 
not exactly divisible by the exponent of the root to 
be extracted, a fractional exponent is obtained, which 
may consequently be used to represent the radical 
sign. 

SXAMl^LES. 

1. Find the i«th root of <i* •. Ans. «». 

2. Find the mth root of «-««. Ans, «r;-*. 

3. Find the square root of 9a*62/- 12^»» 

Ans. zh^a^bf-^g-*'*. 

4. Find the 4th root of ' . Ans.' db . ,» . ■ 

6. Find the 9th root of — 2^6 «♦ 5 ja. Ans 2* a^ b. 

6. Find the mth root of a". « 

Ans. am. 

1 1 n 

7. Find the mth root of — ^ ^ * - =: 

0^ Ans. ~1J = ^ * 

"~ ♦ • 



Ans. a^ b^ c- ^ e 


• 


Ans, — a*. 




Ans. €?. 


' 


Ans* -*• tf*. 




1 
Ans. a*. 
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8. Find the ntth root of -r. 

9. Find the 5th root of — 4i8. 

10. Find the square root of a. 

11. Find the 3d root of — a. 

12. Find the mth root of n^ 



126. Corollary. By taking out --- 1 ais the factor of 
a negative quantity, of which an even root is to be 
extracted, the root of each factor may be extracted 
separately. 

EXAMFIliES. 

1 . Find the square root of — a^. Ans. a \/ — 1. 

2. Find the 4th root of —a* 6« c« Ans. a b^ c* \^ — ll 

3. Find the 8th root of — a. . Ans. a* ^—l. 



SECTION II. 

Calculus of Radical Quantitios. , 

127. Most of the difficulties in the calculation of 
radical quantities will be found to disappear if frao-' 
Honal components are substituted for the radical signs^ 
and if the ndes^ before given for exponents^ are ap- 
plied to frcu^ional exponents. 

In the re$uUs thtts obtained^ radical signs may 
again be substituted for the fractioncd exponents; 

10* 
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buty before this substitution is made^ the fractional 
exponents in each term should be reduced to a common 
denominator^ in order that one radicql sign may be 
sufficient for each term. 

When nunibers occur under the radical sig^, they 
' should be separated into their factors^ and the roots 
of these factors should be extracted as far as pos- 
sible. 

Fractional exponents greater than unity should 
often be reduced to mixed numbers. 



EXAMPLES. 

• < ■ 

3 3 

1. Add together 7 y^ 54 a3 6^ c 3 and S\^l6a^b^c^. 
Solution, We hare 

* 7/v/54«3 6&ca = 7/v/2.33.a3 66c = 7.2*3.a6*c 

= 21.2*.a6^'^*c = 21.2*a66*c 

= 2lflf6cv'262. 

3 Vifi a® 6^ c^ = 3 4/2* fls 6« c s=3.2*. a 6*<j 

= 3.2.2*a66*c = 6a6cv^6a, 
whence 

3 3 " Si 3 

7/i/54a3 68c3+3v^l6a3 66c3=21«6cv'262+6«6c-(^62 

— 27a6cv%a. 

, 2. From the sum of V^ ^°^ V^ subtract \/6. 

Ans. 44/6. 

3. From the somof V'^c^ a»d ^5a^c subtract ^SOc^. 

Am. {a — c) h/S c. 
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4. Find the continued product of va» ^b, and \^c, 

^ . Ans. ^a b'c, 

'n m n 

5. Find the continued product of a njx^ h h/y^ c /^z. 

n 

Ans^ ahcA/xyz. 

6. Multiply c^/a by 6\/a. Ans. ahe, 

3 4 1» _L 

7. Multiply fi^a by V*** -^»*« V<*'^ = <» • 



»» 



8. Multiply n/a by f^eu Ans. a ** = v'«*+* 

4 3 29 12 

9. Multiply ^a^hy \/a^. Ans. a^ s^s a^ ^a^, 
10* Find the continued product of o"*; a*, a"* 

11. Multiply b-^^/a-^ by «*6*c. 



ilfM. a"'^ "**« = - v'— . 

6 6® 



V 

. Multiply -j--^ by — j-* 



8 



13. Multiply 3 -f /v/5 by 2 — ^5^ iliu. 1 — ^5. 

14. Multiply 7 + 2\/6 by 9 — 5V6. 

Ans. 3 — 17/V/6. 

15. Multiply 13 — V5 by 7 -f- 3^5. 

Ans. 76 -(- 32 V^. 

16. Multiply J + jVi by J — 7 Vi- 

17. Multiply — 5 — Vi by — 6 + VJ. -*««. 24^. 



116 ALGEBRA. [CH. lY. ^ II. 

Examples in the Calculus of Radical quantities. 

— _« ■ — * 

18. Multiply 9 + 2 V^O 6y 9 — 2 ^10. Ans. 41. 

19r Multiply 2\/Q + 3/v/5 — 7\/2by V72 — 5/v/^ 
— 2v^. Ans. —174 4-42 v^lO. 

2D. Multiply a + ^b by a — j^b. Ahs, a^ — 6. 
21. Multiply /s/a^^6 by V^* — v'*- -^»*« « — ^• 

3 3 

5KJ. Multiply -%/a -|- c \/6 by j^a — c V^* 

3 
4 5 4 5 

. 23.. Multiply ^/a^ + \^b^ by Va^ — V^^- 

5 



80. Divide ca^ by d a* « iliw. 

81. Divide o* 6* by a""*6""^c. ^ n^\^b^ 

Ans. — -^ — . 



12 • 

4 



C 



^ ^. ., a"*6* , a ^d^ ^ a^b^^c^ 
8i. * Divide — j by ^- — Ans. " " *^ 






24. Divide /•/« by V*. 

• 


>^6 ! 


25. Divide a by /s/a. 


Ans. <v/a. 


26. Divide 2d&3 c^ by 4^a^ h c' 


>rf. ■ ' 


* 




27. Divide s^a^bc by v^aftScs. 

ft 




4 

88. Diride J^ bj t 




S9. Divide a* by a^ 





£ 



*£f« 6*C £f^ 
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To free an Equation from Radical quantities. 

128. Problem. To free an eqtiation from radical 
quantities. 

First Method of solution. Free the equation from' 
fractions, as in art. 85. 

Bring all the terms multiplied by either of the 
radical quantities, whether they contain other radical 
quantities or not, to the first member, and all the 
other terms to the second member of the equation. 
Raise both nembers of the equation to that power ^^ 
which is of the same degree with the root of th-e radi- 
cal factor of the first -member, and this radical factor 
will be made to disappear ; and by performing the 
same process on the new equation thus formed, either 
of the other radical quantities may be m^de to disap- 
pear, and in m^st cases which occur in practice it will 
be found that the equation can, in this way, be freed 
from radical quantities. 



EXAMPLES. 



« 



1. Free the equatioa 

(a + x)* = (6 4- x)i — (c + x)i 
from radical quaittities. 

Solution. The square of this equation is 

a + x=zb + x — ^{b + z)^{c + x)i + c + xi 
hence, by transposition, 

2{b + x)i{e + x)iz^x — a + b + c, 
the square of which is 

4(6 + x)(c + aj)=:(a; — a-l-6 + c)a. 
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ft. Solve the equatioo 

^x = a. 

Ant. I = <^ . 

3. SdT« the equation 

6(9* — 1)* = 2(121 x + 4)*. 

Ans. x = l.' 

4. Sdve the equation 

(16-t-z»)* — x=3. 

Ans, z = 3. 
6. Solve the equation 

(2I+4i)J = (3+x)i + (8 + x)i. 

Am. 2=1. 
6. Free the equation 

&DtQ radical quantities. 

Ans. 4>:» — 172;« + 34t = 57, 



139. Bcholium. There are cases, however", In wliicTiIhe pft- 
ceding method of*solution is inapplicuble on account of th^ 
new radical quantities which are introduced by raising the 
second member to the required power ; hut iti all cases the 
following method will be found soccesaful. 

( Method of solving ike problem of art. 
■ach of the radical quantities equal to 
' before used in the equation, and raise 
hus formed to that power which is of 
'■ee with the root of its radical quantity, 
: in ■ the given equation for each radi- 
he corresponding letter. If, then, e^ch 
traduced, is considered to represent a 



-^^•^■'^ ■ .■ 
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new unknown quantity , the new €quatian9i thus fornir 
ed, are of the same number with that of their unknown 
quantities ; and, since they are free from radical 
quantities y all their unknown quantities but one can 
be eliminated by the method of art. 116. 



£XAMFLES. 

1. Free the equation 

(x2 + a; + 1)* — (x2 — X + 1)* = 1 
ffom radical quantities. 

Solution. Place 

z^{x2—x + l)i; 

whence 

y3 = a;2 _|. jc _|. l^ 

z8 t=: x^ — X -j- 1 ; 

and the given equation becomes 

y — 2= 1. 

If y ai^d z are eliminated between these three equations, 
the resulting equation is 

27 X* — 8 x3 -[- 39 x2 — 6 « + 28 = 0. 

2. Free the equation 

{x + x^)i +(1-1- «»)*«!. 

from radical quantities. 

Ans. 62* +2x3 + Ujpa — a; + 8 = 0. 

131. When, in an equation, the same quantity is 
affected by different radical signs, these radical signs, 
expressed by fractional exponents, may be reduced to 
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a common denominator, and, if a letter is placed equal 
to that root of this quantity, which is of a degree 
represented by the common denominator, these dif- 
ferent radical quantities may be represented by the 
powers of this letter. 

SXAMPLES. 

1. Free the equation 

(a-j-x)*+^(a+i)*+B(a+x)*+e(a+x)*+*=0' 
from radical quantities. 

Solution, This equatiou becomes, by reducing all its frac- 
tional exponents to the same denominator, 

whence, if we place 

y = (a + x)", or y >2 -- a ^ a;^ 

we have 

y8 + ^ye + B y4 + cy = 0, 

or y5 + ^y3 + 5y +e:=0; 

the solution of which gives the value of y, which, being sub- 
stituted in 

X a= yl2 — flj 

gives that of ,x« 
2. Free the equation 

(x + x3)* 4- (x + 7^) + (x + x3)* = a 

from radical quantities. 

Ans. From the equation 

y^ + y^ + y^ = « 

ODtain the value of y, and substitute it in 
x^ -[- X = y^. 
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3. Solve the equation 

(2a;+13)* = 3(2i+13)*, 

Ans. X = 358. 

4. Solve the equation 

(5 + (3 + z)^)i =. I + {3 + x)i. 

Ans. z = 5. 



SECTION HI. 

' ' Power? of Polynomials. 

132. Lemma. If a polynomial 

A + B X + Car^ + Dx^ +J3x^ +&c. 

is suchj as to he equal to zero independently ofx, that 
iSf if it is equal to zero whatever values are given to 
X, it must always be the case that 

A = 0, B =0, C = 0, D = 0, E = 0,&.c. ; 

that is J that the aggregate of all the coefficients of each 
power of X is equal to zerOy and also the aggregate of 
all the term^s which do 7iot contain x is equal to zero. 

Demonstration. Since the equation^ 

is true for every value which can be given to x, it must be 
true when we make 

x=:0; 

in which case all the' terms of the first member vanish ex- 
cept the first, and we have 

A = 0. 
11 
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This equation, being subtracted from the given equation, 
gives 

Bx-^ Cx^ -p 2> ^3 ^ &,c. = ; 

or, dividing by x, . 

jB + Ca; + Z> x2 -[- &,c. = 0; 

whence we may prove as above, that 

5 = 0. 

By continuing this process, we can prove that 

C = 0, D =: 0, jB = 0, &c. 

. » 133. Corollary. If two polynomials 

A + Bx+Cx^ + Dx^ + Ex^ +&C., 
A'+B'X'\-&'x^ + I)'x^ + J^x^ -\-&,c. 

are such as to be equal, independently of x^ it must 
always be the case that 

A =± A', B = B, C = e , D = D', &c. 

Demonstration. For the equation 

4 4- jBx + ex2 4- &c. = A' + Bx-{- C'x^ -f &c. 

gives, by transposition, 

{A — ^') + (5 — B') »-f (C— CO xa + &c. = 0; 

whence, by the preceding lemma, 

^ — i4 == 0, B — J5' S 0, C— C == 0, &c.; 

that is, 

A^A, B=z:B', C=C', &c. 
' * I* 

134. Problem. To find any power of a binomial. 
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Binomial Theorem. 

Solution. The five first powers of the binomial a -{' x, 
obtained from multiplication, are as follows : 

(a-j-a^)* = « "f" ^> 

(a-|-aj)3 = a2+2a x+ x^, 

(a-|-a;)3 =a3+3a2a;+ 3a a;^^ x!^, 

(a+jE)* =«*+4fl3a;-^ 6a^x^+ 4a a;3+ x*, 

(a + x)5 =a5+5a*a;+10a322-j-iOa2x3+5ax4-f 25. 

We readily infer from the inspection of these powers, that 

The first term of any power of a binomial is the 
same power of the first term, of the binomial. - * 

In the following terms of the power the eapponent 
of the first term continually decreases by unity ^ where- 
as the exponent of the second term of the binomial, 
which is unity in the second term, of the power, eon^ 
tinually increases by unity. ^ * 

The coefficient of tKe second term of the power is 
I the e3j>onent of the power. 

Each of the preceding inductions -can easily be demon- 
strated. For suppose the terms of any power of 1 -f- x', as 
the nth, to be arranged according to powers of x' as follows, 

in which Ct^], Ct^3r Ci^\ &>c. denote the coefficients of the 
11,1*11' 

first, second, third, &>c. terms, the nuniber at the top in 
brackets denoting /^e p/ace of the term, and the letter n at 
the bottom denotrhg the power to which they belong. 

Since the preceding equation is true for all the values of 
tf, it must be true when we make 
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which gives 

i» == cri] i= 1 ; 

whence 

Multiply this equation by a^, and we have 

and placing 

% ■=. ax\ or x' = -, 

a 

we deduce 

(a+2;)» =d a« +CC2] a » f 4- C[3]a» ^ 4- C Wa« . ^ 4- &c. 

in which the inductions . in regard to the exponents is ob? i- 
ously generalized. 

' Again, we have in the same wety 
which, multiplied by a -f- x, gives 

But we had before 

(a+2;)« = a«+ C]3]a«-ia;4&c. 

Hence, by art. 133, the coefficients of x must be eqnal^ 
and give 

eta] = Cf«], + 1 ; 

n n — 1 • ' 

that is, the coefficient of the second term of any power is 
equal to the corresponding coefficient of the preceding power 
increased by unity. 



rt«— 1 X -j- terms multiplied by z^, 

7^^ &c. 
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X - 

Now it appears frotn the powers already obtained^ that the 
coefficient of the second term is 4 in the 4th power, 5 in the 
5th power, and therefore it must be 6 in the 6th power, 7 io 
the 7th power, di^c, and n in the nth power ; that is, 

whence 
(a+x)*===a«4-nfl^ix+C[33a«^z2^.eWa*--3x3+&c. 

We are now to proceed to the investigation of the remain- 
ing coefficients e[3], C[4], e[5], di.c- 

If a in the preceding equation is increased by y, the 
equation becomes, retaining C^^] for the sake of symmetry, 
instead of n, 

(a+y-h^r = («+y)" + ePl(a+y)— ix+Cm (a+y)»-«x2 

+ CW (a 4- y) "-3 *9 + &-o. 

which, being arranged according to powers of y, glides, by 
means of the preceding inductions, i 



(a + y + 2)»= • a» +CT9] a»-i |y + terms 

+ q4]a— 3x3 ^ q4](fi^3)a«-4 a;3 

4" ^^' "f" ^^* 



multiplied 

byy^ y^ 
d&c. 



But, if instead of increasing a by y, x is increased by yt, 
we have 

(«+y + «)* = ^+CJ«]fl»--l(«+y) + <3P]fl»--a(2-|-y)2 

which, being arranged according to powers of y^ becomes 

11* 
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(iiw^y-|-a;)»=i= a» 4- CW a*-^ y + terms 

* n X I K multiplied 

' u 2 a 

* n . ' » 

4" &C. + &C. d&C. 

'In these two values of (a -|^ y -{- ^Y the coefficient of y 
must, by art. 133, be equal; that b, 

But, in this equation, the coefficients of x, z\ &c. mast be 

equal, or 

8 q^] == CP] (n ~ 2) 
4 0[*]=:C[*](n — 3) 



that is, 



n 



C[2](„_i) n(n — 1) 






n 



2 2* ^ 

Ci^<«-^) _ n(n-l)(n~2) 

3 "~ 2.3 

C(4](w — 3) n(n--l) (n— 2) (n— 3) 



4 



d&c. 



Hence 



(a 4- x)« = a* + na'^la; + ^^^^^-11 a«-» 23 4- 

2.3*^ ^2. 3. 4 ^ 

and we see thdt * . : - * 



•• 
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- - BiBomial Theorem. 

7/' the coefficient of any term is multiplied by the 
exponent which the first term of the binomial has in 
that term^ and divided by the place of the term, the 
result is the coefficient of the next foUotoing term. 

135. Corollary » If x is changed into -^ x in the preceding 
formula^ it becomes . • 

the signs of every other term being reversed. 

» * 

.136. Corollary. The preceding formula written in the 

reverse order of its terms must give 

n (n 1 \ 

{x 4- ay =5 X* -|-ii a 2»*— ^ -| ^-jr — ^ a^ z"-^ -^ 6lc, 

whence it appe^s that 

The coefficients of two terms which are equally 
distant, the one from the first term, and the other 
from the last term, milst be equal. 



EXAMPLES. 



2a c 
1. . Find the 6th power of -r^ _ f 6 c^d'. 

Solution. Place x = ---- :==^ah—^c, 
tnd #ehave 
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But, hj, the above formula^ 

in which, if we substitute the values of x and y, we have 
15 an-«V <f 2 _ I a3 6-3 c9 <f3 + ^ flS cio rf* 

.2. Find the 10th power of a + ^' 
Ans. «io + 1 a9 6 -f 45 flS 6^ + 1^20 a^ b^ -f 21 o^ 64 + 
252a5 65 + 210 «4 66+ 120 «36*+45 03 68 4-10069+610. 

3. Find the 11th power of 1 — x, 

Ans. 1 — Ilx + 55a;2_l6523-f3302:4 — 462a;5 + 
462 x6 — 330 x7 + 165 a;8 — 55 29 + 1 1 x^^ — z^K 

4. Find the 4th power of 5 — ^x. 

Ans. 625 -- 2000 x + 24QP x^ — 1280 ^3 + 250 x^. 

5. Find the 7th power of ^ a; -j- 2 y. 

+ 168x2y5 + 2242y6+ 128y'^. 

6. Find the 4th power of 5 o^ c«rf — 4 a 6 dV 

Ans. 625 tfic^d"^ — 2000^^ ^ cM « + 2400 a« 6^ c^ d^ 
— 1280a5 68c2 rf7 + 256«4 64 ^8. 



137. Problem. To find any power of a polynomial. 

Solution, Suppose the terms of the given polynomial to be 
arranged according to the powers of any letter,, as. x, >V 
follows; 
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in Which tte coefficient of any power of % is r^resenled by 
the letter a, with a number of accents denoted by the expo- 
nent of this power. ' ■ ' ^ 

Suppose now the required power to be the nth, and if we 
denote the aggregate of all the terins of the polynomial ex- 
cept the first by X, we have 



A"s=: a'x -f af'x^^ a'"x^ + a'^ic* -|- &c. : 



and 



(fl -|- a' x + a" z2 -j- &,c.)* == (a + X)\ 
Now, by the preceding article, 

_^n(n^l)(» 2) («-3) Jn-i) ^^^^ _^ ^^ 

i We may now, by simple multiplication, obtain some of 
the first terms of X'^, 2l^, 2C^, &c. as follows : 

X = afz + d'z^ + a"'x3 j^ a'^x*' -f a^ x^ + &c. 



X^ = o'a x2 +2a' a"x^ + 2 a'a!" 

a" 2 






a' X rf- a'' x2 ^ ^//' a; 3 -|- ^it 3.4 -|» &,c. 
X3 == a'3x3 + 3a'2a"z*4-3a'2a''' x^^ + &c. 

d x 4- a'' x2 + a'" ^^ + ^c. 

jT* =s5 a'*x*+4a'5a"x*+ &c. ' 
. «' aj + a" x» -f- &c. 

JT* = «'**x*-(- &c. 
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ID which tefma containing poweT& of x higher than the'Sth 
liave not been retained. B; substitutiiig these values in 
(a -|- Xy, and arranging the terms according to the powers 
of z, we obtain the 6 first ternM of the requited power aa 
follows : 

(a + o'icf o"i» 

= a" + 







n(»- 


2 

1)(, 


-2) 


-3) 




»(»- 


2 


-2)(» 






2 


3 

-2),(»- 


•3)(» 


_4) 



oefficienis of the different poi^n^ of x arc com- 
each other, we shall find that each can be ob- 
1 (he preceding term b; the following process, 
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From a given coefficient to obtain the n&vt following 
coefficient: 

Multiply each term of the given coefficient by th^ 
exponent of the highest accented letter contained in 
this terniy diminish the exponent of 'this letter by 
unity, and then m,ultiply the term by that fetter of the 
given polynomial which has one accent more than this 
which is at present the highest accented letter of the 
term* 

Again, whenever the accents of those two let" 
ters of a term which have the greatest num,ber of 
accents differ in number by unity, that is,, whenever 
the two highest accented letters qre consecutive, m^ulti- 
ply the term by the exponent of that one of these two 
letters which has the least number of accents, and 
diminish its exponent by unity ; and at the sayie.time 
increase the exponent of the other of these two letters 
by unity, and divide the term by the .exponent thus 
increased 

Thus the tetm TaC®]? would, if the accent e were higher 
than that of any other letter in this term, furnish hy the 
first part of this rule p . Ta [«] p~ ^ aC«^Hr U for the correspond- 
ing term of the succeeding coefficient. 

Also the term Tal^^fai^-^^U would furnish the two 

s * 

terms q. raWi* aCe + i] j-i aCe + a] 

and -^^ (TaW p-i a[e + i] j+i. 

q+l 

By this method of deriving each coefficient from the pre- 
ceding one, any poweT of a polynomial can be written down 
with great rapidity, and the correctness of this method can 
be demonstrated independently, of the inductive process. 
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For this purpoee we h^ve only to compare all the terms 
which would be obtained by the preceding rule from any 
coefficient, as that of x^, with the terms of the succeeding 
coefficient or that of z'^+^j and if these are identical, the 
ruie is derrtonstr^ted. 

But it is ^vident that all the terms of the coefficient of x* 
in which any letter as aW occurs, and is the highest accent- 
ed letter, or the next but one to the highest accented letter, 
ought, if this method is correct, to give all the terms of the 
coefficient of x"* + ^, in which aCe + iJ jg ^j^^ highest accented 
letter, and no other such terms. r 

Now, to demonstrate that this is the case, take l^and Z 
such that . . ' ' 

F= a + a' X + a'' 2:2 ^ ^c. + al^W -+- at«+i] 2« + », 
' Z = a[« + 2] x« + 2 ^ at« + 3] a?« +3 ^ ^c. 
Hence, by art. 134, 

(a -[- «^x + a'' x2 + &c.)* = J[F+ Z)» 

=i F« + nF«-iZ+&c.; 
so jthat all the terms of 

Y^-^-n F«-7iZ + &c. 
* -1 *■ 

except those of F* are muUfplied by one at least of, the terms 

of Z, that is, by some letter the number of whose accents is 
more than [e -\r- I]. But we are, at present, considering 
only those terms in which either «W or a[* + ^] is the high- 
est accented letter, and therefore we may omit all the terms 
except those of F*. * ... 

If we again take F' and Z' such that 

F' ='a -|- a' X + &c. + a[« - 1] x'-\ 

and Z' = aW x«+ a[* + i} x« + i, 

we have 

F= Y' + Z'; \ ' 
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^d, by art. 134, using N^^\ N^^\'&,c. to denotethe succes- 
sive coefficients of the nth power of a binomial, 

any term of whicli, such as j5P*) F'*^*2r'*, wilrairnish 
terms multiplied by a^®] and al^ + ^] ^when the values of F' 
and Z' are substituted in it. 

tfut we have, by the binomial theorem, using IF^\ 1J^\ 
&>c. to denote the successive coefficients of the Ath power of 
a binomial, . 

any term of which may be denoted by 
and the succeeding term would be 

Suppose, now, the value of F^ to be substituted, in 
j^(h) F'*~*, and the result to be arranged according to 
powers of x ; and denote the coefficient of any power of x, 
such as x«, by S, so that any term of N^^) F'»— * may be de- 
noted by Sx*. 

The value of iV'(*)F'»-* Z'* is, then^ obtained by mul- 
tiplying each term of JgT'* by each term of JVW F'*— *. 

Thus the terra of iV^W F'«-* Z'\ obUined from the 
multiplication of the first term of 'Z'\ that is, (d*}^z*\ by 
any term, as Sx^, of iV(*) F'»-*, is 

and if the terra jS^x' is so taken that 

12 
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this term becomes 

The product of the secood term of Z''^, that is, 
multiplied by the same term S7f, is 

Hence^ if there is a term of iVW y'«— * which, multi- 
plied by the first term of Z' *, gives & term multiplied by x^, 
it must, when multiplied by the second term o(Z'^, give. a 
term multiplied by 2^+^ But if the rule be applied to the 
term multiplied by x*", that is, to 

it gives 

which is the same as the above term multiplied by z*" + ', or 

because we have, by the binomial theorem. 
Again, the product of any term of Z' *, as 

multiplied by the term S x'^'ib 

and the product of the following term of ^'* hj Sx' is 
If, now, iS^x^'is so taken, that 
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these terms become 

and * 

Hence, if there is a term of Z' * which, maltiplied by 
Sxf, gives a*term muttiplied by x**, the succeeding term of 
Z'* roust, when multi^ied by Sx', give a term multi- 
plied by Sx'^+K But if the rulp be applied to the term 
multiplied by x**, it gives first a term multiplied by af* + *3, 
which isnaot one of the terms now under consideration, and 
also the term 

* 

which is the same as the above term multiplied by a^+^, 
because we have, by the binomial theorem, 

J3a>+i)=izi^iy(p). 
P+l 

It therefore appears, that when this method iff deducing 
the coefficients is applied to the terms of the coefficient of 
X**, all the terms of the coefficient of a^ + 1, which contain 
ar«+i] as their highest accented letter, are obtained, and no 
other such terms are obtained ; in other words, the applica- 
tion of this method to the terms of the- coefficient 6f x*^ gives 
all the terms of the coefficient of 2^+^, and no other terms, 

198. CoroUarif. If the successive coefficients had been 
represented by the successive letters of the alphabet, as a, b, 
e, &>c., the preceding rule and demonstration would have 
been just as applicable by' changing the words " highest ac- 
cented letter " into '^ letter farthest advanced in the alpha- 
bet" 
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139. Corollary. \Lx is put equal to unity in the value of 

{a + (^x + af'x^ + &c.)», 
•we have the valup of 

(a + a' + a" + &c.)». 

So that an^ power of a polynomial, the terms of 
which contaUi no common letter, is readily found hy 
multiplying the successive terms, after the first, respec- 
tively hy Xy x^, a^j x^y' Soc.f obtaining the power of 
the polynomiAl thus formed, and putting 

x = 1 
in the result. 



£XAMt»LES. 

1. Find the 5th power of 1 + 2a; -f 2x^ -f 4x», 

Solution^ Represent the successive coefficients 1 ^ 2, 3, 
and 4 by a, a', a", and af^'f so that 

rt = 1, a' = 2, a' = 3, a"' = 4; 

and the given 'pdynomial becomes 

a-^a'x -{■ a''x^ -^ a'" x^. 

The fifth power of this polynomial i& then found by ihe 
role to be • • . 



a^'{-&a*afx-\- 5a*a" 

4-I0a3a'2 






/// 



x^+^tOcfla'a 
-- 5aa'^ 



J- 90 fl« a'' a"* 
. - 30 a2 a' 2 a'" 

--30a»a' a"^ 
.-20 a a' 3 a" 
a' 5 



i5 .^ 10 a3 a^'' 2 

--6aa2 a' a" a'" 

- - 10 a» a ' 3 

--20aa'« «'" 
--30aa'2 a//2 

-. 5 a'* a" 



a;6+ 30 a2 a' a'"^ 

- - 30 ^2 a'' 2 a'// 

-- 5 a'* a'" 

- - 10 a' 3 a*' 2 
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-- 30 a^ a" a"'»la;8 J. iO'a« a!"^ 
--30 a a'2 a'"» 4- 60 aa'd'a'^'^ 



-- 5 a a"*. 
--20a'» a'' a" 
--10a'»a"8 

--20aa"«'"^ 
--lOa'2 a'"3 
--3Qa'a"9a'"2 



--20 ail'' 3 a'" 
--10 a' 3 a'"2 
-f 30 a' a a" « a!" 
+ 5 a' a"* 

a:ii+ Sao"'* 
--20 a' «"«"'» 
--10 a" 3 a'" a 



29 -j. 20 a a' a"' 3. 

--30aa'<2a'''» 
-f-30a'2a"a"2 

+ 20a'a"3a'" 
4- a" » 



xio 



43 



t 



5 a' a'" i 
lOa'^^o^'a 



rl3 



Now, if we HBubstitnte for a, a', a''/ a''' their yalues, the 
precediag expression becomes 

(l + 2a;-|-3a;»-|-4a;3)'^=:l + lOx + SSx^ + 220«a 
-I- 6Sk) 2* + 1772 «» + 3670 x« + 7040 x^ + 
10245 x« 4- 18810aJ » + 17203 xW+ 16660 xii + 
13280 xi2 4- 8320 x i^ 4. 3840 x^^ + l(e4y «. ^ 



2. Fin<Lthe third power of a -j- 6 x -f- c x*, 

u4»5. a3 -f- 8 a^ 6 x + 8 a»'tf|x2 4- 6 a & c 

+ 3a62| -j- i3 

x4-j- 36c2x»-(-c3x«. 



x3 



t 



3ac2 
3 6ac 



3. Find the 6th power of a -f- ^ + c. . 

il»5/ a«-f-6a«fr + 6a5e-f. 15a46«-f-80tf*6e-}- 
. 20 a3 63 + 16 a* c^ + 60 a3 6« c 4- 15 a^ 6* + 
60 fl3 6 c3 + 60 a8 b^' c + 6 a J» •+• ^ <»^ <^^ + 
90 aa 62 «« -J* 30 a 6* <? -f 6« + 60 a^ be^^- 
60 a 63 c« + 6 b^c + 16 a^ c* + 60 « 6^ c3 -f- 
16 6^ c« -(- 30 a 6 c^ + ato 63 c3 + 6 « c«^ + 
15 69 c* + 6 6 c5 -I- cfi. 

12* 



• 
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4. Find the 4th power of a' — a® x 4" P ^^ — ^'' 
Afis, a»2 _ 4 a" a; + 10 a^^ x« — 20 a» a:^ + 81 c» x* 

— 40 a^x^ + 44 a6 ^6 _ 40 ^5 g^^ ^ 31 ^4 ^s 

— 20 a3 z9 -f 10 flS xio ^ 4 a a;U _|: j;i2. 



SECTION IV. 

Roots of Polynomials. .»^ , 

140. Problem. To find any root of a polynomial. 

Solution. Let the root to be foand be the mh, and let the 
polynomial be represented by P, the terms of P being ar- 
ranged accQrdio^ to powers of either of its letters, as x ; 
and let R be the required root arranged accordihg to the 
powers of the same letter. 

Let Q represent tlie term of 12f which contains the high- 
est power of X, and JR<^) the remaining terms of R; and we 
have 

R:=Q + R(^); 

and, by the^ binomial theorem, 

P = U« = (Q + 2J(i))« ' 

= Q» + n Qp-i iJ(^>+ &c. 

Now it is evident^ from inspection, that the term of the 
second member of this equation which Contains the highest 
power of X is Q*; and, therefore^ Q" must be equal to, the 
term of If, which contains the highest power of x; so that 
if the term of.JP whioh contains the highest power of x is 
represented by O, and the remaining terms of P by P<^), we 
have 

ft* = O, 

and 
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that is, the terntvfthe required root tchich contains 
the highest power of x, is found by extracting the 
root of the corresponding term of the given pplyno^ 
miaU 

We also ha? c 

P=z O + PO 

^ Q« 4- » Q»-i jK(i> + &c ; 

whence . 

P(i) = P — O = P — Q- 

and it is evjdent that the iirst term of 
is the same ^ith the fimt term of 

SO that, if we divide the first term of 

P(i) 

by 

the quotient must be the first term of 

that is, the second term of the root. 

Hence y to obtain the second term of the rooty raise 
the first term of the root to the power denoted by the 
exponent of the rooty and subtract the result from the 
given polynomial, bringing down only the first term 
of the remainder for a dividend. 

Also raise the first term of the root to the power 
denoted by the exponent one less than that of the root, 
and multiply this power by ike exponent of the root 
• for a divisor. 



140t ALGEBIU< [CH, IT. 4» IT. 

: : i C 

Root of a Polynomial. 

Divide the dividend by ike divisor^' and the qtuh 
iient is the second term of the root . '* 

If now we detiote th^ root already foand by 8^ and the 
remaining terms of the root by 7\ we have 

and p — s*7=n iS'»*i T + &c. . 

and it is evident that the first term of 

P — S^ 
is the same with the first term of 

so that, if we divide the first term of 

P— i»" 

by the first term of 

the quotient must be the first term of Tor the next term 
of the i:oojt. 

But since the first tejm of S is the first term of the root or 
Q, the first term of 

is^ by the binomial theorem, 

80 that the first term of 

is nQ*-\ 

the saxne with the ^liaQt used for obtfBning the ^«on4 Utrm 
of the root. 
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Hencej wften the first, tenns of the r^[uired root 
are found, the next term is fotind; iy raising the 
root already found to the power denoted by the expo- 
nent of the required root ; subtracting ^ this power 
from the given pohynomialy , and , dividing the first 
term of the remainder by the divisor used for ob^ 
taining the second term. 

This divisor, then, being . once obtained, is to be 
used in each sv^essive division, the successive diyi- 
dends being the first terms of the successive, remain' 
ders. ' 



1. Find the 4th. root of Six® — 216x7 + 336x6 — 
56x* — 224x3 4.16x+l. 

SoluHon, The operation is as follows, in which the root is 
written at the left of the given power, and the tliviaor at the 
left of each dividend or remainder ; and only the first term 
of each remainder is brought down. 

81x8— 216i7+336x5-.^x4_224x3-f 16x+l |32«— 2x-a 

81x8 



1st Rem. — 216 x? | 1 08xg = 4 X (3x^)3 
81x8 — 216x7 + 216x6^-96x5+16x4=: (3x2— 2x)* 



2d Rem. 



— 216x6 



I 108x6 



81x8— 2l6x7+336x«— 56x4— 224x3+16x+l=(3x^2x-2)* 



3d Rem. 



-,-v 



0. 



2. Find the 3d root of a^ + 3a* 6 + 3 a» c + 3a 6* 
+ 6 a & c + 3 a c« + ^8 + « 6« c + a i^ c« + €«. 

Ans. o + 6 + c. 
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3. Find the 3d root of a^ +6a^b — 3 a^ c -f. 12 afi^ 

— I2a 6 c + 3'a c* + 8 6« — 12 ft^ €.•+- &bc^ — 4^3. 

4.. Find the 3d TOOt of 343 «« — 441 a» y + 777a;* y« 

— 531aj3y3 + 444a;2y* ^ 144z5^» +«4y»; 

ilns. 7 2* — 3xy + 4y2. 

5. Find the 4th >oot of 81 «* ^ 540 a^ 6 — 72 a^ c 
+ 1350 a2 62 ^ 360 a^ J c + 24 a^ ^2 — 1500 a 6» — 
600a62c_8d/i6c2_^ ^ c^ -f 625 6* -f uyLP fts ^ 

^ 3|o 62 c2 + :^y 6 c3 -f if c*. 

^»5. ^ 3a — 56 — fc. 

6. Find the 5th root of 16807 c^o 6»— iZJi* a^ 6* + 
xj^ a6 j3 _ 21^0 fl* 67*c _ 3|5 a* 52 _ t?^ a« 6^ ^ 

+^a^b + 2456* c — ^ + i^faoflnS 6$c2_3^ cr^ft^c 

— »|o 0-4 68 c^ \^ ^ «-4 ft3 c ^ 7^ «-6 57 c2 4. 
8ffo 0-8 611 c3 _ |.a-®^.« c2 — ^y>, o-i<> 610. c3 ^ 

J^O-^ 6» C3 + ^0 0-14 613.C* ^ 1^-0-16 612 c.* + 
,^O-20 615c5. 

.Ans. 7a2 6 — J4-f ar"***c. 

7. Find the 9th root of y»7 4275^ + 324 ^^ -f- 2268 ySi- 
+ 10206 y 19 + 30618 y 17 + 61236 y is + 78732 yi3 + 
59049 yii + 19683 y^. 

- 4»5. y3 + 3y, 

141. Corollary, When the preceding method is applied 
to t^e extraction of the square root, it admits of some modi- 
fications which shorten the labor of calculation. We 'have^ 
in this case, 

11 = 2, n^l = 1; 

. P s=s {j8f + r)2 = fira + 2 ^ r + T», 
P — 8^ =2 8 T+ T'^; 



rm -m ■ ^.. -L I - 
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80 that the first term of 7* must be equal to the first term of 
P -^ S^, divided by the first term of ^ S; and, calling this 
term ' T, the next remainder must be 

that is, this^new riemainder is equal to the preceding remain- 
der P — ^^ diminished by {'US + 'T)'T. 

Hence we have the following rule. 

To extract the square root of a given polynomial. 

Jjrange its terms according to the powers of some 
letter^ extract the square root of the first term, for the 
first term, of the root \ ^ 

Doikble thepartpfthe root thus found for a divisor, 
subtract the square of this part of the Yoot from 
the given polyfiomial, and divide the first term of the 
retnainder by the divisor ; the quotient is the second 
term of the root. , > ^ 

Double the terms of the root already found for a 
new divisor ; subtract from the preceding remainder 
the product of the last term of the root multiplied by 
the preceding divisgr augmented by the last terfn of 
the root. Divide the fil'st term, of this new remain" 
der by the first term of the corresponding divisor, 
i^tnd the quotient is the fiext term of the root. 

Proceed in the same way, to find the other tertns of 
the root. 



EXAMPLES. 



1. Find the^ square xoot of z^ +4x^ ^Wx^ — 16 x 
+ 16. 
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Solution. Ifi the following solution, the arrangement 19 
similar to that in the example of the preceding article. 
^ x6 ^ 4 2;5 ^ 20a;2 _ 16x -f 161x3 + 2x2^3x + 4. jins. 

X6 



4x5 + 20x2— 16x4- 16|2x3 
4x5 4- 4x4 [ 



— 4x4- 4-20 it2_ 16 «-f 1612x3 4. 4x2 . 

— 4V — 8x3 4- 4x2 I . ^ 

2 x3 -f 4 x2 — ^4 X 



8x3-1- 16x2— 16x-}- 16 
8x3-4-16x2— lex-- 16 



0. 

2. Find the square root ^ 25 a* — 30 a? 6 -j- 49 a^ 62 
— .24a63 4- l^A* ^ . ^»s. 6a2_3a6 + 4*2. 

,3. Find the square root of 4x^ + 12 a:* + 5 x* r— 2x3 
4_ 7 :?2 — 2 ai4- 1. Ans. 2Lx^ -f 3x« ^ :r*+ 1. 

4. Find the square root of a* — 2 «* x -j- 3 «* x* — 
2 ax3 -+ X*. Ans. a^ — ax 4- 2^. 

5. Find the squar6^ root of f 4. ex — 17 x^^ -^ 28 it^ 4. 
49 X*. ' Ans. J4-^x — 7-x»* 

142. Corollary. Since any number, expressed by two or 
more figures, may be considered as composed of a certain 
number of units, tens, hundreds, &c. added together, it may 
be divided into portions separated by the sign -}-, and thus 
become a polynomiid ; and to this polynomial the rules for 
extracting the roots of polynomials may be applied with 
some changes, as in the following example : 

Find the fourth root of 7950200552.1 . 

? Solution, ^ince we have 

10* = 10000, ' 

100* =^10000 9000, 
1000* ^ 10000 0000 0000, 

&c. > 
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it is evident that the fourth power of aa integer between 
1 and 10 cannot consist of more than four figures ; that the 
fourth power of an integer between 10 and 100 must con* 
sist of more than 4 figures, and less than 8 ; that the fourth 
power of an integer between 100 and lOOO must consist of 
more than 8, and less than 12 figures, and -so on. If, there- 
fore, the given number is separated into portions of 4 figures 
beginning with the place of units, we can easily see, of how 
many figures its root must consist. This separation is thus 
effected by inserting periods, which is called ditiding the 
number into periods, 

795,0200.5521 ; 

whence it appears that the required root must consist of 
three integral places. 

Moreover, the given number is more than 

(500)* = 625.0000.0000, 
and less than 

(600)* = 1296.0000-0000 ] 

its root must, therefore, be between 500 and 600 ; and the 
first figure on the lefl of the root must be 5, or we may con- 
sider the first term of the root as 500, and the other terms 
are obtained by the application of the rule as follows ; 

795.<y200.5521|500 + 30 + 1 = 531. Ans, 
(500)^ = 625.0000.0000 

1st Rem. 170.0200.5521|500000000=:4X(500)3>::=Divisor. 

(530)4 ^ 789.0481.0000 

2d Rem. 5.97 19.5521 1500000000 

(531)4 = 795.0200.5521 

* — 

9d Rem. ' 

13 
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But as the only object is to obtain the successive figures 
of the root, it is unnecessary to use so many cyphers, and the 
process may be thus written, more briefly, 

795.0200.5521 1 531 
5* = 625 



1st Rem. = 1700-)- 1500 = 4 X 5« = Divisor. 
(53)* = 789.0481 



2d Rem. = 55.97+1595,+ = 4 X (5,3)3. 
(531)* = 795.0200.5521 

3d Rem. = 0. 

This method may be applied to any other case, and gives 
the following rule. 

To find any root of a given number. 

Point off the number into periods beginning with 
the place of units ^ each period containing the number 
of places denoted by the exponent of the power. 

Find the greatest integral power contained in the 
left hand period; and the root of this power, is the 
left hand figure of the root 

Raise the figure thus found of the root to the power, 
whose exponent is less by one than that of the required 
root, and m>ultiply this power by the exponent of the 
root ; this product is the divisor. 

Raise the part of the root already found to the 
power denoted by the exponent of the root, subtract 
this power from the left hand period of the given 
number, bringing down the first figure of the next 
period for the remainder. 



t* ■! T^^^^^^^mmmmrngmmpir^aa^ 
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Divide this remainder by the divisor^ attd the quo* 
iient is usually the next figure of the root; but not 
ahoays, for sometimes the quotient is one, two, or even 
more units larger than the next figure, and in this 
case the next figure is to be found by trial. 

Raise the part of the root thus found to the power 
denoted by the exponent of the root, subtract this 
power from the two left hand periods of the given 
number, and write down only one place farther ad" 
vanced of the remainder than there was in the precede 
ing remainder. 

Proceed in this way to find the remaining figures 
of the root, writing down in each case one place more 
of the remainder than was written in the preceding 
remainder. ^ But it is more accurate to use a divisor 
obtained from the two first figures of the root, the sec* 
ond figure being regarded as a decimal place. 

The second divisor was thus fouod in the last process. . 

143. Corollary. The same method may be applied 
to decimal numbers^ taking care to begin the division 
into periods with the decimal point. 



EXAMPLES. 

1. Find the 3d root of 756^6967. Ans. 423. 

2. Find tlie 3d root of 128787625. Ans. 605. 

3. Find the 3d root of 20548344701. Ans. 5901. 

4. Find the 3d root of 512768384064. Ans. 8004. 

5. Find the 3d root of 524581674,625. Ans. 806,5. 

6. Find the 3d root of 1003,003001. Ans. 10,01. 

7. Find the 3d root of 0,756058031. Ans. 0,911. 
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a Find the 3d root of 0,000003442951. ^jis. 0,0151. 
9. Find the 5th root of 418227202051. Ans, 211. 

10. Find the 4th root of 75450765,3376. Ans. 93^ 

11. Find the 5th root of 0,000016850581551. Ans. 0,111. 

12. Find the 4th root erf 2526,88187761. ' Ans. 7,09. 

144. Corollary. The roots of fractions can be found 
by reducing them to their lowest terms, and extract- 
ing the roots of their numerators and denominators 
separately. 

The roots of mixed numbers can be found by re* 
ducing them to improper fractions. 



EXAMPLES. 

1. Find the 3d root of f{. Ans. |. 

2. Find the 3d root of mH, Ans. ff . 

3. Find the 3d root of ^/^. Ans. ' ^. 

4. Find the 3d root of 6|ff|^. Ans. l|f. 

5. Find the 4th root of 3 If. Ans. 1^. 

145. Corollary. We obtain, in the same way, from the 
rule for the extraction of the square root the following rule. 

To extract the square root of a number^ divide it 
into periods of two figures each, beginnings with the 
plorce of units. 

Find the greatest square contained in the left hand 
period, and its root is the left hand figure of the re- 
quired root. 

Subtract the square of the root thus found from the 
left hand period, and to the remainder bring down 
the second period for a dividend. 
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Double the root for a divisor, and th^ quotient of 
thedirndendexclusiveofUs right hand figure^ divided 
by the divisor, is the next figure of the required root; 
which figure is also to be placed at the right of the 
divisor, 

MulUply the divisor, thus augmented, by the last 
figure of the root, subtract the product from the divi' 
dend, and to the remainder bring down the next period 
, for a new dividend. 

Double the root notb found for a new divisor and 
continue the operation as before^ until all the periods 
are brought doifpn* 

EXAMPLES. 

1. Find the square root of 28111204. 
Solution, The operation is as follows : 



/ 


■ 

1st Rem. 

2d Rem. 
3d Rem. 

4th Rem. 


28.11.12i)4 
25 


5302 ::» Am. 


311 103 1 
309 


is^ Dijrisor. 

S 2d Divisor. 
10602 3d Divisor. 


* 


212 10( 

21204 
21204 




0. 



2. Find the square root of 61009. Am, 247. 

3. Find the square root of 57198909. Ans. 7563. 

4. Find the square root of 1607448649. An$, 40093. 

5. Find the square root of 48303584,306084. 

Ans. 6960,078. 
18* 
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6. Find the square root of 0,^00256. Ans. 0,016. 

' 7. Find the square root of f^. Ans. -}^. 

8* Find the square root of 1^. Ans. l^, 

146. Corollary. When there is any remainder after 
the processes of arts. 142 and 145, it shows that the 
given numbers are nqt exact powers ; so that the roots 
obtained, instead of being the roots of the numbers 
themselves, are those of the greatest squares con- 
tained in the numbers. 

But by the annexing of cyphers to the rightof the 
given number, decimal plaices may be obtained in the 
root, and the roots thus found will differ less and 
less from the required^ root. 



EXAUPJLES. 



I. Find the 3d root of 1345 to two placed of decimals. 

Solution. The operation is as follows : 

1.345,000.000 I 11,03 -j- Ans. 
1 



3 13 



1331 



1|3,6 
1331,000 
14 I 3,6 



1341,919727 



3,060273 Remainder. 



■I- -« II »- ■■ 
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2. Find the square root of 5 to 8 places of decimals. 

Ans. 2,236 +. 

3. Find the square root of 101 to 3 places of decimals. 

. Ans, 10,049 -f. 

4. Find the square root of 9,6 to 3 places of decimals. 

Ans. 3,098+. 

5. Find the square root of 0,003 to 5 places of decimals. 

Ans. 0,05477+. 

> 

6. Find the 3d root of 12 to 3 places of decimals. 

Ans, 2,289 +. 

7. Find the 3d root of 28,25 to 3 places of decimals. 

Ans. 3,045 +. 

147. Corollary. The roots of vulgar fractions and 
mixed numbers may in the same way be computed in 
decimals by first reducing them to decimals. 



examples; 

1. Find the square root of -^ to 4 places of decimals. 

Ans. 0,2425+.^ 

2. Find the square root of -j^ to 3 places of decimals; 

Ans. 0,645+. 

3. Find the square root of If to 2 places of decimals. 

Ans. 1,32 +. 

4. Find the square root of 11 f^ to 3 places of decimals. 

Ans. 3,416 +. 

5. Find the 3d ropt of f to 3 places of decimals. 

Ans. 0,873 +. 

6« Find the 3d root of {> to 3 places of decimals. 

Ans. 0,941+. 



J 
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7. Find the 3d root of 15f to 3 places of decimals. 

Ans, 2,502 -|-. 

148. Scholium. It might be thought that, though a given 
integer has no exact integral root, it still may have an exact 
fractional root, which is not obtained by the preceding pro- 
cess. 

But this is readily shown to be impossible, for suppose 
the fractional root, when reduced to its lowest terms, to be 

A 

the nth power of this root is 

since A and R have no common divisor, and since ^very 
prime number which divides A* must divide Ay and every 
prime number which divides .B* must divide B, it follows 
that there is no prime number which divides both A* and 
J^, and, therefore, A" and B^ have no comnon divisor; so 
that the fraction 

A^ 



is already reduced to its lowest terms, and cannot be an 
integer. 



SECTION V. 
Binomial Equationi . 



149. DefmtUm. Wbea an eqiiali<m with one un- 
known qnantity is reduced to a series of monomials, 



2« = 
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Solution of Bioomiflil Eijufttions. 

and alt itis terms which contain the unlcnown quan- 
tity are multiplied by the same power of the unknown 
quantity, it may be represented by the general form 

Aa^ + M = 0, 
and may be called a binomial equaiion. 

160. Problem. To solve a binomial equation. 
8ohUion. Suppose the given equation to be 

Ax* + M= 0. 
Transposing M and dividing by A, we have 

M 

'A' 
the nth root of which is - 

Hence, find the value of the power of the unknown 
quantity which is contained in the given equation^ 
precisely as if this power were itself the unknown 
quantity ; and the given equations are of the first de- 
gree. Extract that root of the result which is denoted 
by the index of the power, 

161. Corollary, Equations containing two or more un* 
known quantities will often, by elimination, conduct to bino- 
mial equations. 

EXAMPLES. 

1. Solve the two equations 

a; y7 ^ 2y7 _ 4y3_ 8 a; + 16 = 0, 

aj2y7 _'4y7 :._4a;y3^8y» + 33x — 64==0. 
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Solution. The elimination of y between these two equa- 
tiona, by the process of art. 116, gives 

8 22 _ 32 = 0, 

whence we have 

1^ = 4, 

a: = db 2. 
Now the value of z, . 

2 - + 2, 

being substituted in the first of the* given equations, pro- 
duces 

4y7 — 4y3 =0; 

which is satisfied by the value of y, 

y =0; 

or if we divide by 4y3^ ^e hav« 

y* - 1 = 0, 

y* = 1, 

4 

y = \/l = -t 1 or = rt \/ — 1» as will be 
shown when we treat of the theory of equations. * 

Again, the value of x, 

X = ' — 2, 

being substituted in the first of the given equations, pro- 
duces 

— 4y3 + 32=:0, 

whence we have 

y3 = 8, 

y = 2or = — 1 iV— 3, 
as will be shown in the theory of equations. 

2. Solve the equation 

3 x2 + 2 « = x2 + 2 X + la 

Ans. a; =: dt 8. 
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3. Solve the equation 

2x—7 _ x + l 
X— 1 ~ 2x + 7' 

Ans, jc = ± 4. 

4. Solve the equation 

.1 26 , 

* X X2 X 

' Ans X = 9. 

5. Solve the equation 

x^ + x + 8 x^ + x-S . 
x3 -^ 4 "f x3 — 4 "~ 

6. Solve the equation 

V(2x + 2) = + l. 

Ans, a; = ± 1. 

7. Solve the equation 

^(25_81x+l)= 1. 

ilits. X = 0, or aj =: i: 3. 

8. Solve the two equations 

a;3 -4-^5 = 2«, 

3 5 

Ans. X = \/ (a + 6), y = \/ (a — 6). 

9. Solve the two equations 

y« — 33 y? + x* — 17 x^ = 0, 
y« + 17y3^x* — 33x2 = 0. 

Ans. X = 0, and y = 0; 
or X = i: 5, and y = 2. 

10. What number is it, whose half multiplied by its third 
part, gives 864 ? Ans. 72. 
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11. What Domber is it, whose 7th and 8th parts malti- 
plied together, and the product divided by 3, gives the qao- 
tient 298$? Ans. 224: 

12. Find a number such, that if we first add to it 94, then 
subtract it from 94, and multiply the sum thus obtained by 
the difference, the product is 8512. Ans. 18. 

13- Find a number such, that if we first add it to a, then 
subtract it from a, and multiply the sum by the difference, 
the product is 6. Ans. \/ (a* — b). 

14. Find a number such, that if we first add it to a, then 
subtract a from it, and multiply the sum by the difference, 
the product is b. Ans. \/ (a^ -|- b). 

15. What two numbers are they whose product is 750, 
and quotient 3^ ? Ans. 50 and 15. 

16. What two members are they whose product is a, and 

quotient 6? . ^ , , ^« 

Ans. in/ ab and v y- 

o 

17. What two numbers are they, the sum o^ whose squares 
is 13001, ;and the difference of whose squares is 1449? 

Ans. 85 and 76. 

18. What two numbers are they^ the sum of whose squares 
is a, and the difference of whose squares is 6 ? 

Ans. s/^[a-\'h) and \/ ^ (a — 6). 

« 

19. What two numbers are to one another as 3 to 4, the 
sum of whose squares is 324900? Ans. 342 and 456. 

20. What two numbers'are as m to «, the sum of whose 

squares is a? . m i^ a , nsf a 

Ans. —r-. — T— : — =T and 



m 

21. What two numbers are as m to n, the difference of 

whose squares is a?. mA/ a . n^/ a 

Ans, — T-, — = :;t ftnd 



^(m^—n^) ^(^2 — n2)* 
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22. A certain capital is let at 4 per cent. ; if we multiply 
the number of dollars in the capital, by the number of dol- 
lars in the interest for 5 months, we obtain 117041§. What 
is the capital? Ans. $2650. 

23. A person has three kinds of goods, which together 
cost $5525. The pound of each article costs as many dol- 

" lars as there are pounds of, that article; but he has one 
third more of the second kind than he has of the first, and 
3J times as much of the third as he has of the second. 
How many pounds has he of each ? 

Ans. 15 pounds of the first, 20 of the second, 
and 70 of the third. 

24. Find three numbers such, that the product of the 
first and second is 6, that of the first and third is 10, and 
the sum of the sque^res of the second and third is 34. 

Ans, 2, 3, 5. 

25. Find three nuuabers^ such, that the product of the 
first and second is p, that of the first and third is b, and 
that of the second and third 'la c, 

Ans, V — » \r-rt and v — . 
c a 

26. What number is it, whose third part, multiplied by its 
square, gives 1944 ? Ans, 16. 

27. What number is it, whose half, third, and fourth, 
multiplied together,, and the product increased by 32, gives 
4640 ? Ans. 48. 

. 28. What number is (hat, |^th of whose, fourth power di- 
vided by it, and 167 subtracted from the quotient, gives the 
remainder 12000? Ans. 11^. 

29. Some merchants engage in business ; each contributes 
a thousand times as many dollars as there are partners. 

13 
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Tbej gain in this business 82560 ; and it is found that this 
gain is exactly half their own number .per cent. Hbw many 
merchants are there ? Ans. 8. 

30» Find three numbers such, that the square of the first 
multiplied by the second is 112; the square of the second 
inultiplied by the third is 688 ; and the square of the third 
multiplied by the first is 576. Ans. 4^ 7, 12. 

\ 

162. Corollary. When the solution of a problem, 
gives for either of its unknown quantities only imagi-« 
nary values, the problem must be impossible. . 



EXAMPLE. 

In what case would the value of the unknown quantity in 
example 13 of art. 151 be imaginary ? and why should the 
problem in this case be impossible? 

Ans. When b> a^, 

that is, when the product of the dura and differ- 
ence is required. to be greater than the square of a. 
Now if the required number is x, this product is 

(a + x) (a — 2) = a2 — %^ ; 
isd, therefore, less than a^. 



f 
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CHAPTER T. 

Equations of the Second Degree. 

153. It may easily be shown, as in art. 89, that 
any eqtiation of the second degree with one unknown 
qn/antHffy THay he reduced to the form 

Ax^ -f- jBa? -f- Jtf = 0, 

in which Ax"^ denotes the aggregate of all the terms 
multiplied by the second power of the unknown 
quantity, Bx denotes all the terms multiplied by 
the unknown qoentity itself, and M denotes all the 
terms which do not contain the unknown quantity. 

164. Problem. T\> solve an equation of th$ second 
degree Moith one unknown qtumtity. 

Solution. Having reduced the given equation to the form 

we could easily reduce it to an equation of the firat degree, 
by extracting its square robt, if the first member were a 
perfect square. 

But this cannot be the case, unless the first term is a per- 
fect square ; the equation can, however, always be ^brought to 
a form in which its firsf term is* a perfect square, by multi- 
plywg it by some quantity which will render tfaecoeffieieDtof 
tbi first term a perfect square, multiplying by tdis coefiicient 
itself, for instance ; thus the' given equation multiplied by A 

becomes 

A^x^ + ABz-^AM=0, 
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Now that the equation is In this form, we can readily 
ascertain whether its first member is a perfect square, by 
attempting to extract its root, as follows : 

A^x^ + ABx-^AMlAx + iB. Root 
A^x^ ' 



ABx+AM 

ABx + iB^ 



2Ax 



AM—iB^ Rem. 

so that the first member is a perfect square only when the 
remainder is zero, that is, 

A^M—iB^ =0; 

and, in every other case, 

Ax^iB 

is the root of the square which differs from it by this re- 
mainder, that is, * 

A^x^'^ABx'^AM={Ax^iB)^ + AM—iB^=zO\ 

or, transposing AM — I^B^, we have 

{Ax + iB)^^iB^ — A M. 

Now the square root of this last equation is 

Ax + iB = ±:\/(iB^—AM), 

which, solved as an equation of the first degree, gives 

_ —jB ^ a/H B^ — A M) 

:~ 2A ' 

in which either of the two signs -|- or — , may be used in 
the double sign :^, aiid we thus have the two roots of the 
given equation 

^ _ —B+ ^ {B» — JAM) 
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and 



"" ^A : 



The equation 

(A 2 + ^BY = iB^ —AM, 
which is the same as 

A^x^ -^ABx + iB^ —^B^ —AM, 

is obtained immediately frpm the equalion 

t7 transfipsiBg 4 if tp the «^ofl4 ^n^duber, a94 a44uig 
\;B^ to both members. Hence 

To solve an equation ofth^ $ecfm4 d^fTi^ with 09M 
unknown quantity. 

Reduce it as in arts, 85 and 88, transposing aU the 
terms which contain the unknown quantity to the first 
member, and the other terms to the second fnember. 

Multiply the equation by any quantity, (the least is 
to be preferred,) which will render the coefficient of 
the second power of the unknown quantity an exact 
square. 

Add to this equatiott the square of the quotient, ari- 
sing fr<ym the division of the cpeffi^ent of the first 
power of its unknown quantity, by twice the sqtiare 
root of the coefficient of the second power of its un- 
known quantity. 

Extract the square root of the equation thus aug- 
mented, and 'the result is an equation of the firpt de- 
gree, to ie solved as in art. 90. 

154. Corollary. When we have 

B^ — \AM 
13* 
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a negative quantity, that is, 

the roots of the given equation^are imaginary. 



EXAMPLES. 



1. Solve the equation 

48 



165 



~ 6. 



x + 3 2 + 10 

Sohttimi. This eqaation, redaced as in arts. 85 and 88, is 

522—622+135 = 0; 

which, multiplied by 5, becomes 

25x2 _ 2602 = —675. 

Completing The square, we have 

2522 — 2602 + 676 = 676 — 675 = 1, 

the square root of which is 

5« — 26 ±= ± 1 ; 

hence 2 = |(26 i 1) = 5| or = 5. 

2. Solve the equation , 

4/(2 2 + 7) +y{S X — 18) = y (72 + 1). 

Solution. This equation, being freed from radical signs, 
as in art. 128, becomes 

522_27« — 162 = 0; 

the foots of which are 

2 =7 9, or 2 = — 3f . 

3. Solve the two equations 

(y. + 6)y + 16(»-4)^ ''-7_f^ + ^- , 
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SokUion, If we proceed to eliminate y between theae two 
equations, by the process of art. 116, the remainder of the 
first division is 

(a;a.,^«+5)y3— (10a;2-.^x+50)y4-24xa— 144«+120, 
in which 

is a factor of each of the coefficients of y, and y^, and of 
the terms which do not contain y. 

Before suppressing this factor, we must see whether, as 
in art. 118, it may not be equal to zero, in which case we 
have 

a;» _ 6 X 4. 6 = 0, 

the roots of which are 

X = 6, and x = 1 

Now if the value 

x = 5 

is^substituted in the given equations, each of them becomes 

y3 — 6y2+6y = 0, 

which is satisfied by the value 

. • y = o, 

or, dividing by y, we have 

the roots of which are 

y ss 3, and y r= 3. 
But if the value 

x = I 

18 substituted in the given equations, each of them becomes 

y^ — 5y2 4.6y = 0, 

which is the same as the preceding equation, and gives 
therefore the same values of y. 
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Having thus obtained all the roots of the given wfi^^n 
eorresponding to 

x2 _ 6 a; + 5 = 0, 

we may omit this faetor of the above remainder, pad tt b»- 
Hcomes 

and as this does not contain x, it is unnecessary to proceed 
farther in the elimination of y, but we may obtain the roots 
of the equation 

y2'~ 10^4.24 = 0, 
which are 

y = 4, apd y = 6, 

and substitute them in the given equation to obtain the cor- 
responding values of x. 

Thus, if the value 

y =« 
is substituted in the given ecpi^tions, each of them becomes 

the roots of which are 

aJ = i(24=fcV171). . 
But if the value 

y = 4 

is substituted in the given equations, each of ihem lieeomeB 

:a; ~ 2 = 0, 

whence / 

» = 2. 

XJto answer, therejbre, is 

s =1:59 or = 1, in either of which cases, y s= 0, or = 2, or = 3 ; 

or»s=s;j(24±v'171),in which case, y^O; 

or X = 2, in which case, y ^3:4. 
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4. Solve the equation 

z^ +Sx^ 209. 

Ans. »;5= U, or — 19. 

5. Solve the equation 

4x2 — 9 z = 5 x2 _ 255f — 8a:. 

Ans, X == i5J, or = — 16J. 

6. Solve the equation 

a; ___ 7 
X 4- 60 "~ 3x — 5* 

-4ns. z = 14, or = — 10. 

7. Solve the equation 

8 a; ^ 20 

6 = 



z + 2 3* 

Ans. z = 10, or = — f . 

8. Solve the equation 

2z + 3_ 2z 

10— z^ 25^^ ^' 

-4»5. z = 13ff, or :j= 8. 

9. Solve the equation 

3V(112 — 8z) = 19 + ^/(3x4-7). 

Ans, z = 6, or = 11,8368. 

10. Solve the two equations 

2z4-3y = 118, 
5x2 _ 7 y2 ^4333. 

^n5. z = 35, and y = 16, 

or z = — 229^6^, and y = 192^. 

11. Solve the two equations 

25^— ya^ + 9 = 0, 
ya x2 _ y3 X -|- 144 y — 540 = 0. 

Ans, y = 6, and z = 3; 

or y = 10, and z = 9, or = 1. 



166 
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12. Solve the three equations 

xy z z=. 105, 

a; + y + z = 7, 

y^+xy — 7y — x + 22=0. 

Ans. a; == 15, y = — 1, z =' — 7; 

or a; = 15, y = — 7, « = — 1 ; 

or a; = 7, y = 4-\/lS> * = -^V^^S; 

or z = 7, y = — \/-^5> ^ = -{"V'!^* 

13. What two numbers are they, whose sum is 32, and 
product 240 ? Ans. 12 and 20. 

14. What two numbers are they, whose sum is a, and 
product h ? 

Ans. Ja + \/(i«^ — ^)> and 4« — VCi^^ — *)• ' 

In what case would the values of these unknown quanti- 
ties be imaginary ? 

Ans. When we have 

that is, 6 > ( J ay ; 

that is, the product of two numbers cannot be 
greater than the square of half their sUm. 

15. What two numbers are they, whoae difference is 5, 

and product 24 ? 

Ans, 5 and 3 ; or — 3 and — 5. 

16. What two numbers are they, whose difference is a, 
aiHl product hi 

Ans. ia±/v/(^+i«^), and — Ja±>/(ft + Ja^)- 

17. Find a number, whose square exceeds it by 306*. 

Ans. 18, or — 17. 

18. A person being asked his age, answered, * My mother 
ii^as 20 years old when I was born, and her age multiplied 
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by mine, exceeds our united ages by 2500.' What was his 

age ? Ans. 42. 

• 

19. A person buys some pieces of cloth, at equal prices, - 
for $60. IjLad he got three more pieces for the same sum, 
each piece would have cost him 91 less. How many pieces 
did he buy ? Ans. 12. 

20. A person dies, leaving children, and a fortune of 
$46800, which, by the will, is to be divided equally amongst 
them. It happens, however, that immediately after the 
death of the father, two of his children also die. If, in 
consequence of this,, each remaining child receives $1950 
more than it was entitled to by the will, how many children 
were there ? Ans. 8. 

21. Twenty persons, men and women, spent $48 at an 
inn ; the men $24, and the women the same sum. Now, 
on inspecting the bill, it is found that the n>en have to* pay 
$1 each more than the women. How many men, therefore, 
were there in the company ? Ans, 8. 

22. What two numbers are they, whose sum is 41, and 
the sum of whose squares is 901 ? Ans, 15 and 26. 

23. What two numbers are they, wHose sum is a, and the 
sum of whose squares is. 6? 

Ans. ia + i^/{2b—a^), and ^a— iV(26 — a»). 

In what c«8e would the vi^lues of these unknown quanti- 
ties be imagittaryf 

Ans. When we have 
a« > 2 6 ; 

that is, the square of the sum of two numbers can- 
not be greater than twice the sum of their squaYes. 



168 ALGEBRA. , [CH. V. 

Examples of Equations of the Second- Degree. 

24. What two numbers are they, whose difference is 8, 
and the sum of whose squares is 544 ? 

Am. 12 and 20 i or — 12 and —20. ' 

25. What two numbers are they, whose difference is a, 
and the sum of whose squares is 6 ? 

Ans. ia±:i\/2b — a^^ and — Jai:iV'26 — a^. 

In what case would the values of these unknown quantities 
be imaginary ? 

Ans, When we have 

a2 > 2 6 ; 

that is, the square of the difference of two num- 
bers cannot be greater than twice the sum of their 
squares. 

26. Divide the number 39 into two parts, sucli that thcf 
sum of their cubes may be. 17199. Ans, 15 and 24. 

27. A person being asked about his yearly income, an- 
swered, ' My income is such, that if I add $1578 to it, and 
also subtract $142 from it, and extract the cube roots of the 
numbers thus obtained, the difference between the roots is 
10.' What was his income ? Ans. $150. 

28. Find two numbers, whose difference added to the 
difference of their squares, makes 150, and whose sum added 
to the sum of their squares, is 330. 

Ans. The one is 15, or — 16; 
the other is 9, or — 10. 

29. What two numbers are they, whose sum, product^ 
and difference of their squares, are all equal to each other ? 

Ans. i(3±\/5), and i(l±\/5). 

30. Find a number consisting of three digits, such, that 
the sum of the squares of the digits, without considering 
their position, may be 104; but the square of the middle 
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digit exceeds twice the product of the oChor two by 4 ; 
farther, if 594 be subtracted from the number sought, the 
three digits are in? erted. Ans* 862. 

- 166. Corollary. The preciftding method is not only 
applicable to' equations of the second degree, but to 
all equations of the form 

in which there are two terms multiplied by different 
powers of a-, the highest exponent being the double of 
the lowest,* and n may be either integral or frac- 
tionaL 

EXAMPLES. 

1. Solve the equatioa 

§^lution. If the square is completed, a9 la the pireceding 
article, an^the square root extracted, the result is 

frpm which we obtain, by art. 150, 

*= \- A — — ;• 

S. Solve the equftion 

X* — 74 2;a = — 1325. 

Ans, « = rfc ^» cr =s db 7. 

8« Solve the equation 

3 1« + 42 2» = 8321. 

8 

, Ans. aj =tt 8, or = — * \/41. 

m 

15 
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4* Solre the eqaation 

4 

6\/x — /v^x = 6. 

Ans. X = 16, or 81. 

5. Solve the equation ' ■ ^ 

(x + 12)* + (x + 12) * «= 6. 

Ans. X = 4, or 69. 

6. Solve the eqaation 

« + 16 — 7 (x +16)* == 10 — 4 (x -f 16)* 

Ans* X = 9, or — 12. 

7. Solve the equation 

X* — x = 2x* 

Ans, X = 0, or 1, or 4, 

8. Solve the equation 

x3 — X * = 66- - 

'a 
Ans. X == 4, or (— 7)^ 

9. Solve the equation # 

X* + X * =;= 756.- ' 

Ans, X = 243/or (— 28)* 

10. Solve the equation v 

(x« + 5)2 _ 4 x* = 160, • 

Ans.* X = 3, or \/ — 15. 

11. What two numbers are they, w^^ose product is 255, 
and the sum of whose squares is 514 ? 

Ans. 15 and 17, or — 15 and -* 17. 

12. What two numbers are they, whose product is a, and 
the sum of whose squares is b, 

Ans. d=V[*A+V(i&^— «^)], 
and ±V&A — V(i** — «*)]• 
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13. What number exceeds its square root bj 30. 

Ans, 25. 

14. What number is it, the excess of whose square above 
its square root is equal to 56 divided by the number ? 

Ans, 4 or -r^/ 49. 

156. There are equations of higher degrees, which 
can be reduced to equations of the second degree by 
introducing other unknown quantities instead of those 
contained in them. Thus if the same algebraic ex- 
pression is involved in different ways, it will often be 
founc^ successful to consider this expression as the^ 
unknown quaijlify. 

EXAMPI^ES. 

1. Solve the, two equations 

(x2— 23y)3 + (a;2— 23y)2 + (xa— 23y)(x— 2y)=-18, 
(x«^?3y)2 4-(x-2y) = 7. 

Solution. Consider 

(x2 — 23 y), and (x — 2 y), 

as the unknown quantities, making, 

x' = x2 — 23y, 
y=» — 2y; 

and the equations become 

•.x(3 +a;'a -f-a/y'sz 18, 

Hence, by the elimination of y', we have 

x'a + 7»' = 18, 
and, therefcMre, 

xf ss2, or = — 9; 
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Imd the correspondiDg Taluea of y are 

y' = 3, or = — 74; 
that is, 

a;2 _ 23y = 2, or = — 9, 
X — 2y = 3, or=: — 74- 

The flolotioii of ttjese equations gives 

x = 5, y = 1; 

or^ x = 6^,y=lj; 

or; »=:=i(23±v^l4001), y=:i(319±\/140pi)/ 

2. Sohe the equation 

x + (x + 6)* = 2 + 3 (z + 6)* 

Ans. X =T? 10, or — 2. 

3. Solve the two equations 

(^ + y) + <« + y)* = i2 

x3 + y3 — 189. 
ilii5. X = 5, or = 4 ; y = 4, or == 5. 

151. Corollary. When there are two unknown 
quantities which enter symmetrically into the gi^en 
equation, the solution is often simplified by substitut- 
ing for them two other unknown quantities, one of 
which is their product and the other their sum. 

EXAMPLE s« 

"■ 
I. Find two numbers whose sum is 5, and the sum of 

whose fifUi powers is 275. 

Sohiiian, Let the numbers be x and y, represent their 

product by p, and we have 

x 4- y = 5, 

a?6 + y» = 276. 



< i iiia*ti' i ' r'^i'i JBMa^i^— *i^ P**»*^< S^BBBBIi 
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Bat we also' hare 
(2^y)5=sa;<^^5x4y^lOz3^3^10x2y9-{-5xy«-{-y» 

and 

xa+y8=(x+y)8-r3«»y— 3ajy» 

= <aj+y).«— 3axy(»+y) 

= 125 — IS p. 

Hence 

(x+y)* =275+5p(12l5— 15i>) + 10jp3 X5=r6« ; 

or, by deduction, 

|»a— 25p«a— 114, 

p = 19, or, = 6 ; 
and 

X = 2, or == 3, er = i (5 =b \/— «1), 
y = 3, or = 2, or = i (5 qp V'— 51). 
2. Sbhre the two equations 

(x-y)(x»-y2) = 7, 

Sohttion. These equations become, bj deydopment, 
x3 — x2 y _ X ya + y« = 7, 
x« 4- xa y + X ya + y a = 175 J 
and, by the substitution of 

X + y = J, 

they still fkrthef become, 

5* — 45p — 7, 
5»_25p»175. 

If we eliminate p, we have 

f«»348» 

IS* 



174 


AJL6BBBA. 

# 


[CH. ▼• 




Ezttnples of SubsfHotioii of Unlnwwii Qmnlities. 


whence 


■ 




5 = 7; 




and this Taloe gtwea, by suhstitotioD, 






343 — 14jp = 175, 






p^l2. 


* 


Hence x = 3, or = 4 ; 






y = 4, or === 3. . 




3. 


SoWe the two equations 

» + y + ** + y* = i2. 


« 




ilns. ,« = 5J, or = J ( — 


3±^/21); 




y = 2,or«i(— 


3=F-s/21). 


4. 


Solve the two equations 






x»+yV=:189, 






«»y + iry««180. 






^Itf . « s 


= 4, or = 6; 




y = 


s 6, or s= 4. 


5. 


Solf e the two equations 






x2+y2^S, 


• 




xy =2. 


' 




Ans. 2 = ± 2, 


or=d=l; 




y = d=i. 


or = d= 2. 


6. 


Solve the two equations 






^* y + * y* = ^> 






x» y2 + x« ya ^ 12. 




1 


iins. X = 


1, or=8; j 




y«^8, ^r «1. 


7. 


Solve the two equations 

4xy s:*»a— ,a;«ya, 


« 




x + y = 6. 






iln5. z « 2^ or 4, or 


3±V2i; 




y « 4, or 2, or 


3 ::? V2l- 
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Examples of Substitution of Unknown Quantities. 

8. Find two numbers such, that their sum and product 
may together be 34, and the sum of their squares may ex- 
ceed the sum of the numbers themselves by 42. 

Ans. 4 and 6 ; 

or j{—n+^/—59),^ndi{—ll—A/—59). 

9. What two numbers are they, whose sum is 3^ and the 
sum of whose fourth powers is 17? 

Ans. 2 and 1 ; 

or i(3+V— 55), and^(3— V— 56). 

. 10. Wh^t two numl>ers are they, whose product is 3, and 
tke lum of whose fourth powers is 827 

Ans, it 1» and i: 3; 

or it^/ — 1, and q=/^ — 9. 

168. Corollary. In many cases, in which two un- 
known quantities enter into^ the given equations 
symmetrically except in regard to their signs, the 
solution is simplified by substituting for them two 
other imknown quantities, one of which is their dif- 
ference, and the other i$ their sum or their product. 



EXAMPLHS. 

1. Solve the two equations 

(« — y) a;y = 6. 
Solution. These equations become, by the substitotkin of 

l(<2+2p) = 13, 
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By the elimination of p, we have 

< = i; 

whence we find 

|j = 6, 

and 

jr=:3, or = — 5J; 

y =1 2, or = — 3. 

2. Solve the two equations 

Solution. These equations become, by the substitution of 

* + y = '» 

« — y = /; 

5 1=7, 

Hence, by the elimination of ^, we have 

5*— 2401 = 0, 
and 

5=^2401 = it 7, or = ±7^—1; ^ 

l = dbl, or = :^ V— 1. 

x = ±4, or = ±3V— 1; 
y s= i: 3, or = ± 4 \/— 1. 

3. Sol? e th$ two equations 

(xa + y») (« — y) — (« — y) * y = 3- 

iln5» X = 2, or s= — 1 ; 

y = 1, or = — 2. 

4. Solve the two equations 

xs _ y3 = 215^ 

Jta^iy^y* = 43. 

ilii5. x = 6,or== — 1; 
y=:l,ors= — 6. 



( 



^ 
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£xamplefl of Sul>stitiitioii of Unknown Quantities. 

5. Soke the two equations 

xy (x3 — y3) _2x2y2 (x — y) + (x — y)2 - 157. 

An$, a:==4, or = — 3, or = ^ ( lzfc\/— "^1); 
y = 3, or = + 4, or = J (— 1 =h V— 51) ; 

or x=^dbi\/(— "157^^:2^/(6244- i57*))*+78|, 

' y = =fci^(-l57?±2V(624 + T57*))*-78f 

6. What two numbers are ^ they, whose difference is 1, 
and the difference of whc^e third powers is 7 ? 

Ans. 1 and 2, or — 2 and — 1. 

7. What two numbers are they, whose difference it 3, 
and the sum of whose fourth powers is 257 ? 

Ans, 4 and 1, or — 4 and — r I, 
orJ(±^(— 79) + 3)andi(±V(— 79) — 3). 

169. When the first member of one of the equa- 
tions, reduced as in art. 88, is homogeneous in regard 
to two unknown quantities, the solution is often sim^ 
plified by substituting for the two unknown quanti- 
ties, two other unknown quantities, one of which is 
their quotient. 

The same method of simplification can also be 
employed when such a homogeneous equation is 
readily obtained from the given equations. 

EXAMPLES. 



1. Solve the two equations 

2;2_6a;y + 8y2 =0, 
»«y + 6xy» +8y3 -!-{«— 2y)(y«—5y + 4)=0. 
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Solution, Retaining the unknown qaantity y^ introduce 
instead of x, the unknown quantity q, such that 

X 

or x = qy; 
from which the given equations become 

j2ya_6gry»-j-8ya + (jy— 2y)(y2_5y-^4) = 0. 
Both these equations are satisfied by the valae of y, 

y-0, ^ 

whence z = q y = 0. 

But if we divide the first of these equations by y^, and the 
second by ^^ we have 

^2 _ 6 g + 8 = 0, 
q2yZ-6g^2^Sy^ + {q-^2){y^-Sy + 4^)^0; 

the first of which gives 

y = 2, or = 4. 
The value of q, 

g = 2, 

being substituted in the other equation, reduces the first 
member to zero, and thi^refore p is indeterminate ; that is^ 
X and y may have any values whatever, with the limitation 
that X is the double of ^. % 

The value of q, * 

J = 4, 

being substituted in the other equation, gives 

2(5f2--5y + 4) = 0; 

whence y = 1, or = 4, 

and X = 4, or = 16. 

2. Solve the two equations 

«* + x3 ya = 5, 
s& -|- 4 xy^ = 65. 
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Solution, 13 times the first equation^ diminished by the 
secQnd equation, is 

12 f» + 13 x3 y2 _ 4 2 y* = ; 

and, if we make 

we have 

12g*ys + ISs'^yS _4gy6 = 0. 
Which is satisfied by the value of y, 

y = 0; 

and this value of y, being substituted in the given equations, 
produces 

2J6 = 5, 

X* = 65 ; 

which are evident impossitxilities, and therefore the value 
y = is impossible. 

Dividing, then, by y>^, we have 

ISg^s + 13g3— 4^ = 0; 
which is satisfied by the value of 9, 

? = 0; 
or dividing by q, w^ have 

12y* + 13^2 — 4 = 0, 
whence 

y = db J, or gr = ± V — #. 

Now the first of the given equations becomes, by the sub* 
stitution of 

' hence, by the substitution of the above values of q, we have 

y = QO, 2; = 0Xqo=^== indeterminate ; 

or y = ±: 2, a; 3= 1 ; 

5 10 5 

or y = dbV*XV— 3, z = Vl^X\/2 = V20. 
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3. Solve the two eqoatiaiis 

Ans., % =' 0, andjf = 0; 

or X r= 2y «iidjr = 3; 

or x=z — m, aiidjr=^ — 2f; 

or x = — 3^, .aDdjf = 4f; 

orx = f, aiidjr = — 1; 

or x = i(— SrbV— 5),andjf=rl±v^— 5; 

or x = ±^\/ — 5, andjfs^l. 

4. Solve the two eqoatioDs 

x»+2xy2 = 3, 
xya+2x«y = 3. 

Ans. X := ly and jr 3=s 1. 

5* What two nmnbers are thej, twice the aoni of whose 
sqaares is 5 times their product, ^nd the sum of whose sixth 
powers is 65. Ans. 2 and 1, or -* 2 and — 1. 

« 6. What two nambers are thej, the difference of whose 
fourth powers is 65, and the square of the sum of whose 
squares is 169. Ans, =h 2, and ± 3. 
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CHAPTER VI. 
General Theory of Kquations* 

SECTION L 
, Compositioo of Equataooa^ 

160. Any equation of the nth degree^ with one uo- 
known qaautity, when reduced as in art. 80, may be 
represented by the form 

Aa^ + B jr*^i -f. Cj?»-'3 + <fcc. + itf = 0. 

If this equation is divided by A^ and the eoefficients 

JB C M 

— , — , &>c^ -J- represented by a, b, d&c, m, it ia reduced to 

161. Theorem. If any root of the equation 

7^ -f" ««*""* + 6x»— 2 -f- &c* -J- m = • 

f« denoted by x', /A^ ^5/ member of this equation is 
divisible by x — x'. 

Demonstration, Denote x — x'l>y zt^^, that is, 

or X = z' -j- xt^2. 

If this value of x is substituted in the given equation, if 
P x^^] is used to denote all the terms nmitiplied by xE^l, or 

16 
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* Form of any Equation. 

by any power of x^^\ and Q used to denote* the remaining 
terms, the equation becomes 

.P2;[i]4- Q = 0. 

Now the given equation is, by hypothesis/ satisfied by the 
value of X, 

or - am=0; . 

by which the preceding equation is reduced to 

The terms not multiplied By xC^l, or a power of xti], must, 
therefore^ cancel each other^; and the first member of the 
given equation becomes 

which is divisible by xti], or its equal x — x'. 
162. Corollary, If the equation 

is divided ty x — x', the first term of the quotient is a?*— ^ ; 
and if the , coefficients of x«— 2, x*— ^^ ^c. in the quotient 
are denoted by a'^ b', 6lc», the quotient is 

and the equation is 

(x — X') (x»- 1 + a' x"-2 + 6' x»-3 + &c.) = ; ' 
which is satisfied either by the value of x, 



X = x\ 



or by the roots of the equation 

a:»-i + a'x»-2 + 6'x"-^ + &c. = 0. 

If" now x" is one of the roots of this last equation, we may 
have in tl»e same way 



r 
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and ihe given equation becomea 

(« —aK) (x — i") (!?;«-» + a" ic»-3 + &c.) =» ; 
which is satisfied by the value of xf', 

so that x" is a root of the given equation. 

By proceeding in this Wa/ to find tjie roots x"'^ 
x^, &c., the given equation may be reduced to the 
form 

(x — x') (x—x^'yix — x"') (x—x"") &c. == 0, 

in which the numbe? of factors x — x', x — a/', he. 
is the same with the degree n of the given equation ; 
and, therefore, the number of roots of an equation is 
denoted by the degree of the equation ; that is, an equa- 
tion of the third degree has three roots, ,one of the 
fourth degree has four roots, &c. 

163. Scholium, Some of the roots x', x'\ x"\ &c. are often 
equal to each other, and in this case the number of unequal 
roots is less than the degree of the. equation. Thus the 
number of unequal roots of the equation of the 9th degree, 

(a;_7) (X + 4)3 (ic — 1)6=0, 

is but three, namely, 7, — 4, and I, and yet it is to be re- 
garded as having 9 roots, one equal to 7, three equal to *^4, 
and five equal to 1, 



164. Corollary. The equation 



ar*.= a 



would appear to have but one root, that is, 

n 
X = V^ J 
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but it must, by the preceding reasoning, have n roots, 

or rather^ the nth root of a must have u different 
values. 



EXlMPLES. 

1. Find the two roots of the equation 

Ans. X = 1, or ^ — I. 

2. Find the three roots of the eqaatien 

z3 =^ 1. . 

Solution, Since one root of this equation is 

the equation 

x8 — I = 
mast be divisible by z — I, and we have 

x» _ 1 = (» _ 1) (a:2 + X + 1) = a 
Now the roots of the equation 

ar# 

X = i (— 1 -f. V — 3), and = H— ^ — \^— 3)- 
Qence the required roots are 

«= 1, = i (_l 4-^—3), and =i (— 1 -^/— 3). 

3. Find the four roots of the equation 

X* = 1. 

Solution. The square root of this equation b 

x2 = -|- 1, or =— 1; 
io that the required roots are 

X = 1, = — 1, z= V-p- 1, and = — Ml/ — L 
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4. Find the five roots of the equation 

Solution. Since one root of this equation is 

the eqiiatipn 

x« — 1=0 

must be divisible by z — 1, and we have 

a;6 — l = (x— l)(a;*+a;3 + «2 + «+ 1) = 0. 

Now ^he roots of the equation 

a:* -J. x3 + jc2 + jc + 1 = 

can be found by the following peculiar process. 

Divide by x^^ and we have 

^ xa + a?+ 1 +-+ — =0. 



If we make 



we have 



and 



y = « + -. 



ya = x2+2+-, 



«»+ — ^y»— 2; 



which, being substituted in the preeedihg equation, giree 

y«+y — 1 = 0; 

the roots of which ure 

y = i (— 1 +V5), Md = J (— 1 — ^6). 
But the values of x deduced from the equatioo 

_i:l 



or 



16* 
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^P^^F"^ 



and, if we make 



we have 



and 



, 1 



»^ + ;F = y'-2. 



the roots of which are 

[ y = ; -^2 ■ — » 

which are to be Bubstituted in the Taltles of x^ 
deducad from the equation 

% Solve the equation 

Solution. Divide by z^, and we have 

and if we make 



,1 



we have 



«»+ 



y» — 2, 



»' +^8' =y -8 (*+i) = y* - «yi 
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and the equation becomes, bj substitationy 

.y^ + 3y« — lOy ==0. 
The roots of this equation are 

y = 0, =2, and = — 6; 
and, therefore, the values of x are 

it = =hV— 1, = 1, or =J(— 5±V21). 

3. Solve the equation 

ic8 + 2 x6 _ 6 »* + 2 x2 -f 1 = 0. 
Ans. x = ± I, or =it J\/2(2db\/-* !)• 

4. Solve the equation 

2 X**— 3 x3 — a:2 — 3 X + 2 = 0. 
Ans, X = 2, or = i, or = ^ (— 1 ± /^ — 3). 

166. Corollary, It follows, from art. 163, that an equation 
of the second degree has two roots, both of which are given 
by the process of art. 154 ; and if the equation is reduced to 
the form 

x2 -f a X -f 6 :;= 0, 

and the roots denoted by x' and %", we have 

x2 -[- a X + 6 = (x — x') (x — x") = 0. 

But the product (x — x') (x — x") being arranged according 
to powers of a^i is 

x^ — {x' -J^x") x + xU"; 

which being compared with its equal 

«* •4" fl X "4-6, . 
gives 

— (x' + x") = a, ^ 

x' x^' = 6; • 

that is, the coefficient of x V& the negative of the sum 
of the roots of equation, and the term which does not 
contain x is the product of the roots. 
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167. CoroUcary, If the roots of the generHl equation of 
the third degree . 

are denoted by 
we ha?e 

But the product 

(z _ x') (x _ x") (x — %'"\ 

is, when arranged according to powers of x, 

a;3_^jt'^x^'+x"')x*-|-(x'x" + x'x'"+x''x«')x— xVx'''; 

whence, by comparison with the given equation, we fattve 

tf :^ _ (X' + X- + X"'), 

6 = x' X" + x' d" + x"x% 
c == — x' x'' %'" ; 

that is, the coefficient of ar® is the negative of the 
sum of the roots, the coefficient of :r is the sum of the 
products of the roots multiplied together two and two, 
and the term which does not contain x is the nega- 
tive of the continued product of the roots. 

168. Corollary. It may be shown in the same way 
that, in the equation 

a;« 4- a x«-J -|- b x"-^ + c x*-^ -|- d^c. = 0, 

the coefficient of a!^-^^ is the negative of the sum of the 
roots; the coefficient of x^-^^ is the sum of the products 
of the roots ^nultiplied together two and two ; the co^ 
efficient ofx^~'^ is the negative qfthe sum of the pro- 
ducts of the roots jnultiplied together three and three; 
and so on, the last term being the product of the roots 
when n is even, and the negative of this product when 
n is odd. 
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Transformation of E4][uations. 



169, Problem. To trans/arm a given equation into 
another in which the roots are all diminished by the 
same quantity. 

Solution. Let the given equation be 

the roots of which are x'^ x'\ x''*, ^.c, and let e be the excess 
of these roots above those of the required equation, which 
must consequently he x^ — c, x" — c, x'" — e, &c. ; or if 
u is the unknown quantity of this new equation, we have 

x — e = u, 

and this value of x, being substituted in the given .equation, 
produces the required equation, or 

which, being arranged according to powers of u, is 



w' 



-ne 


tt*-^. 


. -4- ^j^- • 


.+ wc«-i 


u- 


h- e»=a 


- a 


' 






-(n — l)ae"^2 


? 


-ac* — 1 


. 


, J 




^(n — ii)6c»-^ 




\-be*-^ 










- &c. 




- 6i,c. 



170. Corollary. Since e is now entirely arbitrary, 
it maybe tak^h to satisfy any proposed cotidition, 
such for instance as that the coefficient of w*"*^ may 
be equal to zero, in which case the second ternx 
vanishes, and the equation becomes of the form 
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This coodUion is represented by the equation 

n e + a = 0, . 

which gives for the value of e, 

a 



171.. Corollary, Since the roots of the equation just at* 
tained are 

x' — c, x" — €, x'" — c, &c:, 

they become, when e is taken, equal to one of the roots 
x'y z", x^'\&LC. of the proposed equation, such as 2' for in- 
stance, 



X', X" — X', x'" — »' + &c. 



But 



r' — a/ = 



and, therefore, one of. the root&of the equation thus obtain- 
ed must be zero. Now this -equation is 






M4-a;'«= 0. 



ax 



i%—\ 



4- &c. 



+ (11— l)ax'— 2 
-f- &c. 

and by the substitution of 

« = 0, 

which must satisfy it, its first member is reduced tp the last 
term, and we have 

which equation is evidently correct, since it only differs from 
the given equation by the substitution for z, of one of its 
roots 2/. 

Hence the above equation, divided by u, is reduced to 



V, 



«— 1 






u"-^.. + &C. . . + nx'«-i =saO. 

+ (n~l)az'«-2 
4- A'C. 
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172. Coroiiary, " If two or more of the roots of ihe givea 
equatkm are equal to each other, sach as 

»' = X'' =i= X''' = 4tC., . - 

•. - I 

m 

the roots of the preceding equatioa become 

x' — x" = 0, x'^ x'" = 0; x* — x^, x' — x^, &.c. 
and it is, therefore, satisfied by the value of n^ 

ti = 0, 

which reduces it to 

or since x' is either of the equal roots the accent may be 
omitted, and we have ' 

which must^ be- satisfied by a value of^ ^qual to either of the 
equal root* of the given equation, and these equal ^iroois can 
therefore be obtained by rneans. of the process ^ eliminatioa 
of art. 116. But it is evident that two difTerent equations with 
one unknown quantity cannot be satisfied by the same value 
of this unlc BOW n quantity, unless their first members, have a 
common divisor, which is" reduced to zero by .this value of 
the unknown quantity. , , 

Tbe first menaber o£ the equation last obtained is 
<;alled the derived polyrvornialoi the given eqtiation, 
and is obtained from it by muUipTying^ each- term by 
the exponent of the unknown quantity ia that tertn, 
and diminishing this exponent by unity. 

The equal roots oj an equation are, therefore^ joihi 
tained by finding the greatest common divisor of its 
first member and its derived polynomial, and solving 
the equation obtained from putting this common di^ 
visor equal to zero,' 
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EXAMPLES. 

1. Find all the roots of the equation 

x^—7x» + 16 X— 12 = 
which has equal roots. 

Solution, The derived polynomial of this equation is 

3x^ — Ux+16, 

the greatest common divisor' of which and the given first 
member is 

2 — 2. 

The equation 

X — 2 = 0, 

gives 

X = 2. 

Now since the given equation has two roots equal to 2, it 
must be divisible by 

(x — 2)2 = x2 — 4 X + 4, 
and we have 

a;3 _ 712 ^ 16 X _ 12 = (x— 2)2 (x — 3) = 0; 

whence 

x=«3 

is the other root of the given equation. 

2. Find all the roots of the equation 

x7_9x6^63;4^15jc3_i2x2_7x+6 = 
which has equal roots. 

Solution, The derived polynomial of this equation is 

7x«— 45x*-f24x3-f 45x»— 24x — 7, 

the greatest common divisor of which and the given equation 
gives 

xs — x2 — X -f. 1 5= 0, 

17 
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which is an eqaation of the third degree, and we may con- 
sider it as a new equation, the equal roots of which are to be 
found, if it has any. 

Now its derived polynomial is 

3x2_2z — 1, 

and the common divisor of this derived polynomial and the 
first member gives 

^x — 1= 0, or 2 = 1. 

Hence the first member of 

23 — x2— x-f-l = 

must be divisible by 

(z-l)', 
and we have indeed 

X3— x2^X-|-l=(x_l)2(x-|-l)=:0. 

The equal roots of the given equation are, therefore, 

2=1, and = — 1 ; 
and its first member is divisible by 

and is -found by division to be 

{x — 1)3 {x + 1)2 (x2 4- X — 5). 

The remaining roots are, (herefbrey found from solving the 
quadratic equation 

X* 4- 2 — 6 = 0, 
which gives 

2 =s 2, or == — 3. 

3. Find all the roots of the equation 

x^ -{-Sx^ ^9x — 9z=zO 

which has equal roots. 

Ansk z ;=M S, or = — 3. 



i 
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4. Find all the roots of the equation 

a;3_15a;2 -|.75x_ 125 = 

which has equal roots. 

Ans. z = 5. 

5. Find all the roots of the equation 

x* _ 9 x3 -f 29a;2 — 39 2 + 18 = 

which has equal roots. 

Ans. X = 1,. or = 2, or = 3. 

6. Find all the roots of the equation 

a;4 _ 2 x3 — 69 x2 4- 60 X + 900 = 

which has equal roots. 

Ans. jc = 6, or = — Sf 

7. Find all the roots of the equation 

X* — 6z2 — 82-r-3 = 

which has equal roots. 

Ans, z = 3, or = — 1. 

8. Find all the roots of the equation 

X* + 12x3 ^ 54x2 ^ i08x + 81 = 

which has equal roots. 

Ans. X = — 3. 

9. Find all the roots of the equation 

x6 — 2 X* — 2 x3 + 4 x2 -f X — 2 = 

which has equal roots. 

Ans. X =3= dc 1» or =2. 

10. Find all the roots of the equation 

x6_6x*+4xa4-9x2 — 12x+4 = 

which has equal roots. 

Ans. X = 1, or = — 2. 



19$ 
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Examples of finding equal Roots. 



11. Find the equal roots of the eqaati<Hi 

Ans. X = 1, ot = 2. 



172. General solutions have been given of equa- 
tions of the third and fourth degree ; they are not, 
however, always applicable, and are so complicated, 
that it is more convenient in practice to obtain the 
roots of an equation by successive approximations. 
But before proceeding to this subject, it is important 
to He acquainted with the theory of arithmetical and 
geometrical progressions. 
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- To find tlie last Term. 



CHAPTER VII. 
Progressions' 

SECTION I. 
Arithmetical Progression. 

173. An Arithmetical Progression, or a progres- 
sion by differences^ is a series of terms or quantities 
which continually increase or decrease by a constant 
quantity. 

This constant increment or decrement is called the 
common difference of the progression. 

Throughout this section the following notation will be re- 
tained. We shall use 

a = the first term of the progression, 

I = the last term, 

r = the common difference, 
n = the number of terms, 
8=i the sum of all ihe terms. 

174. Problem,. To find the last term of an arith* 
metical progression when its first term, common dif" 
ference, and num,ber of terms are known. 

s Solution, In this case a, r, and n are supposed to be 
known, and / is to be found. Now the successive terms of 
the series if it is increasing are 

a, fl + r, a 4" 2 *■> ^ + 3 '*> « + ^ '*» ^^' J 
17* 
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Sum of two Terms equally distant from the extremes. 

— ^ — ■■ '. ' 

80 that the nth term is obviously 

' /=^a+(n— l)r. 
But if the series is decreasing, the last term must be 

Both these cases are, howeTer, hicluded in one, if we 
suppose r to be negative when the series is decreasing. 

175. Corollary, In like manner any other term, -such as 
the mth, is 

a+(m— l)r. 

176. Corollary, By writing the series in an inverted 
order, beginning with the last term, a new series is found, 
of which the first term is /, and>the common difference — r. 
Hence the mth term of this series, that is, the mth term 
counting from the last of the given series, is 

l—{m—l)r. 

177. Corollary. The sum of the mth term and of the mth 
term from the last is, therefore, 

[a + (m _ l)r] -f [/-^ (m- l)r] = a + /; 

that is, the suin of any two termsj taken at equal dis^ 
tancesfrom the two extrmnes of an arithmetical series, 
is equal to the sum of the two extremes, 

178* Problem, To find the sum of an aiithmetical 
progression whe7i its first term, last term, and numr 
ber of terms are known. 

Solution, In this case, a, /, and n are supposed to be 
known, and S is to be found. 
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To find the Sum of the Progression. 



Suppose the terms of the series to be written as follows, 
first in the regular order, and then in an inverted order : 

a, b, c, i, k, I; 

I, fCf i, f Cy b, a. 

The sum of the terms of each of these progressions being S, 
the sum of both of them mucft be 2 S, that is, 

a«=(«+0-H6-|-*) + («+«■) • • • + («-l-«)+(*-l-*)+(H-«)- 

But by the preceding corollary, we have 

Hence 2 iS^ is equal^ to as many times (a -f- /) as there are 
terms in the series, that is, 

or S = i{a + I)n; 

that is, the sum of a progression is equal to half the 
sum of the two extremes^ multiplied by the number of 
terms. 

179. CoroUary, From the equations 

either two of the quantities a, I, r, n, and S can be deter- 
mined when the other terms are known. 



EXAMPLES. 

1. Find the 100th term of the series 2, 9, 16, &c. 

Ans. 695. 

2. Find the sum of the preceding series. 

Ans. 34850. 

3. Find S, when a, r, and n are known. 

Ans. i9 = ^ [2 a -f (ft — l)r] n. 
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4. Find n and S, when a, /, and r are known. 

Ans, n = 1- 1 ; 

r 

5. Find the namber and sarn of terms of the series of 

which the first term is 6, the last term 796, and the common 

difference 10. 

Ans. The number of terms = 80, 

the sum = 32080. 

6. Find r, when a, I, and n are Jinown. 

Ans, r = r-. 

n — 1 

7. Find the common difference and sum of the series, of 

which the first term is 75, the last term 15, and the number 

of terms 13. ^ 

Ans. The common difference = -— 6, 

the sum = 585. 

8. Find r and n, when a, /, and fi^ are known. 

2S 



Ans, n = 



l^ — a^ 






2 S— {a + 1)' 

9. Find the common difference and number of terms of a 

series, of which the first term is 2, the last term 345, and 

the sum 8675. 

Ans. The number of terms = 50, 

the common difference = 7. 

10. Find / and it, when a, r, and S are known. 

r 
/ = V [2 '•5+ (a— J r)»] — J r. 
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11. Find the last term and nuniber of terms of a series, 
of which the first term is 3, the commoa difference 4, and 
the sum of the terms 105. 

Ans, The last terra •= 27, 

the number of terms = 7. 

12. Find a and n, when /, r, and S are known. 

Ans. n = /+l>-=FV[(/ + ^r)«-2r51^ 

r 

13. Find the,(irst term and the number of terms Of a s^ 
ries, of which the last term is 13, the common difference 3, 
and the sum of the series 35. 

Ans, The first term =: 1, 

the number of terms == 5. 

14. Find / and r, when a, n, and S are known. 

2i8^ 

Ans, I = a, 

n 

2{S-an) 

15. Find the last term and common difference of a series, 
of whidi the first term is J, the number of terms 12, and 
the sum 100. 

Ans. " The last term = 16, 

the common difference = 1^. 

16. Find a and r, when /, n, and S are known. 

Ans. a =: /, 

n 
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17. Find the first term and common difference of a series, 

of which the last term is 50, the number of terms 20, and 

the sum 600. 

Ans. The fiist term b= 10> 

the common difference = 2-^. 

18. Find a and^S^, when /, r, and n are known. 

Ans. a = I — (» — l)r, 

S=i[2l—{n—l)r]n. 

19. Find the first term and sam of the terms of a series, 
of which the last term is 100, the common differenc>e i, and 
the number of terms 51. 

Ans. The first term = 75, 

the sum of the terms = 4462}. 

20. Find a and /, when r, n, and S are known. 

* Sf 

Ans. a=Z'- '^ i {n — 1 ) r, 

l = -^ + i{n-l)r. 

21. Find the first and last terms~of a series, of which the 
common difference is 5, the number of terms 6, and the 

sum 321, 

Ans. The first term = 41, 

the last term = 66. 

22. Find the sum of the natural series of numbers 1, 
2, 3, 6lc, up to n terms. ' 

Ans. in {n -(--l)* 

23. Find the sum of the natural series of numbers firoin 

1 to 100. 

Ans, 5050. 

24. Find the sum of the odd numbers 1, 3, 5, &c. up to 

n terms. 

Ans. *fi*. 
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Examples ia Progression. 

* ' s \ 

25. Find the sum of the odd numbers from 1 to 99. 

Ans. 2500. 

26. Find the sum of the even numbers 2, 4, 6, &c. up to 

n terms. 

Ans, n (n -\- 1). 

' 27. Find the sum of the even numbers from 2 to 100^ 

Ans. 2550. 

28. One hundred stones being placed on the ground, ain a 
straight line, at a distance of 2 yards from each other ; how 
far will a person travel, who shall bring them one by one. to 
a basket, placed at 2 yards from the first stone ? 

Ans, 1 1 miles, 840 yards. 

29. We know, from natural philosophy, that, a body which 

falls in a vacuum, passes, in the first second of its fall, 

through a space of 16^ feet, but in each succeeding second, 

32^ feet more than in the immediately preceding one. Now, 

if a body has been falling 20 seconds, how many feet will it 

have fallen the last second? and how many in the whole 

time? 

Ans, 627^ feet in the last second, 

and 6600 feet in the whole time. 

3(0. In a foundery, a person saw 15 rows of cannon-balls 
placed one above another, and asked a bombardier how 
many balls there were in the lowest row. ' You may easily 
calculate that,' answered the bpmbardier. 'In all these 
rows together, there are 4200 balls, and each row, ^om the 
first to the last, contains 20 balls less than the one imme- 
diately below it.' How many balls, therefore, were there in 

the lowest row ? 

Ans. 420. 

ISO.. The arithmetical mean between several quan- 
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Arithmetical Mean. 

titles is the quotient of their sum divided by their 
numbers. 

Thus the arithmetical mean between the two quantities 
a and h is half their sum, or ^ (a -|- h)\ that between the 
four quantities 1, 7, 11, 5 is 6. 

181. Problem. To find the arithmetical mean be- 
tween the terms of an arithmetical progression. 

Scholium, It is, by the preceding definition / 

S 

or, since 

^ = Jn(a + /)» 
it is 

that is, half the sum of the extremes. 

182. Problem, To find the first and last terms of a 
progression of which the arithmetical mean, the num- 
ber of terms, and the common difference are known. 

Solution. If we denote the arithmetical mean by M, we 
have 

which, substituted in the result of example 20, in art. 179, 

gives 

a = M—i{n — l)r, 

/= JI + j(n — l)r. 

Scholium, In very many of the problems involving 
arithmetical progression, it will become convenient to 
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ilse for one of the unknowti qiianti4ics the arithmeti- 
cal mean. 



1. Find five numbers in arithmetical progression whose 
sum is 25, and who^ eontinued product is 945. 

Solution. Denote the arithmetical mean by M, and the 
common difierehce by r, and we haire, by art. 182, 

. •if:s=— -=5: 

and ^ 

the first" term = Jlf — SrssSj- 2r. 
the second term ±= Af — r =6 — r, 
the third term =^ M =5, 

the fourth term = ^ + r =s= 5 -{- »•» 
the fifth term = if + 2 r = 5 -|- 2 r ; 

and the continued product of these terois is 

(5^2^) (5-r)6(5+r) (5+2r)=3125— 625r»+20r* =945. 

Hence we find 

r =s= 2, or 2= \/ 54 J ; • 

and the only possible series satisfying the' conilition is, there- 
fore, 1,3,5,7,9. 

2. Find four numbers . in arithmetical progiession whose 
sum is 32, and the sum of whose squares is 276. 

Am. 5i1f,9,ll. 

. 3. A traveller sets out for a Qertain place, and travels 
1 mile the first day^2 the second, and so on. In five days 
afterwards another sets out, and travels 12 itiiles a da^i 
How long and how far must he travel to overtake the first? 

Ans, 3 days and 36 miles. 

18 ' 
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Examples involving Arithmetical Progression. 

4. Find four numbers in arkhnietiGal progression whose 
sum is 28, and continued product 585. 

ilfw. 1, 5, 9, 13. 

5. The sum of the squares of the first and last of four 
numbers in arithmetical progression is 200, and the sum of 
the squares of the second and third is 136 ; find them* 

Arts. 2, 6, 10, 14. 

6. Eighteen numbers in arithmetical progression are such, 
that the sum of the two mean terms is 81^, and the product 
of the extreme terms is 85^. Find the first term and the 
common difference. 

Ans, The first term is 3, 

the common difference is 1^« 



SECTION II. 
Geometrical Progression. 

183. A Geometrical Progression, or a progression 
by quotients, is a series of terms which increase or 
decrease by a constant ratio. 

a, /, n, and S will be used in this section as in the last, 
to denote respectiveTy the first term, the last term, the num- 
ber of terms, and the sum of the terms; and r will be used 
denote the constant ratio. 

^ 184. Problem. To find the last term pf a geometri- 
cal progression when its first term, ratio, and number 
of terms are known. 
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To find thie last Term and Sum. 



Solution. In this cise, a, r, and n are given, to find /. 
Now the terms of the series are as follows : 

a, ar, a r», ar^ . . . &c. ... a i*'"^ ; 

that is, the last or nth term is 

/ = ar*—^; 

that is, the last term is equal to the product of the 
first term by that power of the ratio whose exponent 
is one less than the number of terms. 

185. Problem, To find the sum of a geometrical 
progression, of which the fir ^t term, the ratio, and 
the number of terms are known. 

Solution* We have 

If we multiply aH the terms of this equation by r, we have 

from which, subtracting the former equation, and striking 
out the terms which cancel, we have 

r S — iSi = ar* — a, 

or (r — \)Sz=zar^ — a = a{f* — 1); 

whence 

ar* — a a {r* — 1) 

r-r- 1 r -^ 1 

■ 

Hence, to find the sum, multiply the first term by the 
difference between unity and that power of the ratio 
whose exponent is equal to the num,ber of terms, and 
divide the product by the difference between unity and 
the ratio. 
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Examples in Geometrical Pit)pre8«ioD. 

166. Corollary. The two equations * • 

(r_l)^=:a(r»— 1) 

give the means of determining either two of the 
quantities a, I, r, n, and S, when the other three are 
known. 

But it must be observed, that, since n is an exponent, it 
can on! J be determined by xhe solution of an exponential 
equation. 

EXAMPLES. 

1. Find the 8th term and the sum of the first 8 terms of 

the progression 2, 6, 18, &c., of which the ratio is 3. 

Ans. The 6th term is 4374, 

« 

the sum is 6560.^ 

2. Find the 12th term and the sum of the first 12 terms 
of the series 64, 16, 4^ 1, j^, &c., of which the ratio is ^. 

Af^s. The 12th term is esiae , 
the sum is SSt^^s^. 

3. Find 8, when a, I, and r are known. 

Ans, 8 = — ^^^. 
r — 1 

4. Find the sum of the geometrical progression of which 
the first term is 7, the ratio j^, and the last term 1|. 

Ans. 12J. 

5. Find r and ,8, when a, /, and n are known. 

Ans. r 

»— 1 



-t 



ji-l ^/l-^a 
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6. Find the ratio and sam of ifae series of which the first 
term is 160, the last term 38880, and the number of terms 6. 

An$. The ratio is 3, 

the sum is 58240. 

7. Find r, when a, /, and 8 are known. 

. S—a 

8. Find the ratio of th^ series of which the first term is 

1620, the last term ^0, and the sum 2420. 

Ans: \. 

9. Find a and 8; when /, r, and n are known. 

Ans, a = 



10. Find the first term and sum of the series of which 
the last term is 1, the ratio ^, and the number of terms 5. 

An$. The first term is 16| 
the sum is 31. 

^ II. Find /, when a, r, and 8 are known. 

Ans. l-=i 8 ■' — . 

r 

12. Find the last term of the series of which the first term 
is 5, the ratio \^ and the sum 6^i 

Ans* jiV* 

13. Find a, when /, r, and 8 are known, 

Ans. a = 8—{8—l\r. 

14. Find the first term of the series of which the last term 
Js gi^, the ratio i, and the sum 6j/^« ^ 

18» 
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15, Find # and /« when r, «« and £t are knowA. 

f* — 1 

16. Find the first and last terms of the series of which 
the ratio is 3, the namber of terms 12, and the sum 4095. 

' Ans. The first term is 1, 
the last term S048. 

187. An infinite decreasing geometrical progrcsision 
is one in which the ratio is less than unity, and the 
number of terms infinite. 

188. Problem, To find the last term and the sum 
of the terms of an infinite decreasing geometrical pro- 
gression^ of which the first term and the ratio are 
known. 

Solution, Since r is less than unity, we may denote it 
by a fraction, of which the numerator is 1, and the denomi- 
nator r' greater than unity ; and we have 

1 

Since, then, the number of terms is infinite, the formulas 
fbr the last term and the sum become 

/ s= a r»-^ sri a X = 0, 
rl — a — a 



8=. 



r—i:^ r — 1 ' 
a a W 
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that is, the last term is zero, and the surd is feund by 
dividing the first term by the difference between unity 
aftd the ratio. 



189. Corollary, From the equation 

either of the quantittes a, r, and /S^ may be found,, 
when the other two are known. 

* • 

EXAMPLES. 

1. Find the sam of the infinite progression, of which the 

first term is 1, and the ratio ^. 

Ans. 2. 

2. Find the sam of the infinite progression, of which the 

first term is 0,7, and the ratio 0,1. 

Ans. J. 

3. Find r, in an infinite progression, when a and S are 
known. 

Ans, r = 1 — .-. 

4. Find the ratb of an infinite progression, of which the 

first term is 17, and the sum 18. 

Ans. 1^. 

5. Find a, in an infinite progression, when r and iS are 

known. 

Ans. asa»^(l-»r). 

* 

6. Find the first term of an infinite progression, of which 
the ratio is f , and the sum 6. 

Ans. 2. 
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CHAPTER Tin. 
Resolution of Numerical Eqtmtions, 



SECTION I. 
^ iTumber of Real Roots of Equations. 

190. Theorem. When an equatiofi is redu4:ed, as 
in art 160, and the vaiues of its first member, ob- 
tained by the substitution of two different numbers 
for its unknown quantity, are affected by contrary 
signs, the given equation must have a real root comr 
prehended between these two numbers. 

Demonstration. For, if the value of the less of the two 
numbers, which are substituted for the unknown quantity is 
supposed to be increased by imperceptible degrees until it 
attains the value of the greater number, the value of the 
first member must likewise change by imperceptible degrees, 
and must palss through all the intermediate values between its 
two extreme values. But the extreme values are afiected with 
opposite signs, so that zero must be contained between them, 
and must be one of the values attained by the first member ; 
that is, there must be i number which, substituted in the 
■ first member, reduces it to zero, and this number is conse- 
quently a root of the given equation. 

191. Corollary. If the given equation has no real 
root, the value of its first member will always be af' 
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fected by the same stgn, whatever numbers be^ substi^ 
ttUed for its unknown quantity* 

192. Theorem. When an uneven number of the 
real roots of an equation are comprehended between 
two numbers^ the values of its first mem^ber obtained^ 
by substituting these numbers for ar, must be affected 
with contrary signs ; but if an even number of roots 
is contained between them, the values obtained from 
this substitution must be affected with the same sign. 

Demonstration. Denote by a, b^ c, &e. dl the roots of ikt 
given equation which are contained between the gtT«ii Dttin- 
bers p and q ; the first member of the given equation most, 
by art. 162,^ be divisible by 

{x — a) (x — b) (x — t) &o. 

If we denote the quotient of this division by F, the equation 

.F=0 

gives all the remaining roots of the given equation, so that 

F=0 

cannot have any real root contained between p and q. 

The given first member being, therefore, represented by 

(x _ a) (x — 6) (as — c) X Y 

becomes 

(p — a){p-^b)(p — c) X F', 

when we substitute p for z, and denote the corresponding 
value of F by Y' \ and when we substitute q for x, and de- 
note the corresponding value of F by F'', it becomes 

{q — a) (q~b) {q — c) . . . . X Y". 
The quotient of these two results is 
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- {p-'a)(p^b)(p — c).... Y! 
(g — a)(q—b){q — c)....r" 
which can be written 

^ X T X X . . 



q — a q — 6 q — c '.' ' Y"' 

Now since each of the roots a, 6, c, &;C» is included be- 
tween p and 9, the numerator and denominator of each of 
the fractions ^ 

p — a p — h •'p — c 



&c. 



q — a q — b q — c 

most be affected with -contrary signs, and therefore^ each of 
these fractions must be negative. 

But since Y' and Y" must, by art. 190, ha?e the same 
sign, the fraction 



Y" 
is positive. 

The product of all these fractions is therefore positive^ 

when the number of the fractions 

p — a p — h , 

is even, that is, when the number of the roots a, b, c, &c. is 
even; and this product is ne^a/iv^, when the number of 
these roots is uneven. The values which the given first 
member obtains by the substitution of p and q for x must, 
consequently, be affected with contrary signs in the latter 
case ; and with the sarne sign in the former case. , 

193. Theorem, Every equation of an uneven de^ 
gree, has at least one real root affected with a sign con- 
trary to that of its last term, and the number of all its 
roots is uneven. 
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Demonstraiion, Let the equation be 

%n^ a x*— 1 4- &c. . . . + m = 0, 
in whieh n is uneven. 

IHrst, to prove that there is a real root, and that the num- 
ber of real roots is uneven. Every real root must be con- 
tained between -f- cx) and — oo. Now the substitution of 

. a; = 00, 
^ " ♦ , 

gives the value of the first member. 

the first term of which is. infinitely greater than any other 
term, or than the sum of all the other terms. The sign 
of this result is therefore the same as that of its first term, 
or positive. 

Again, the substitution of 

X = QD 1 

gives, since n is uneven, 

which may be shown by the above reasoning to be negative. 
The given equation must then, by art. 191, have at least 

one real root, and by art: 192, the number of its real roots 

must be uneven. 

Secondly, To prove that one, fit least, of the real roots 

is affected with a contrary sign to that of the last term. 

The substitution of 

x = 0, 

reduces the given first member to its last term m. 

Comparing this with the abov^ results, we see that, if m 
IB positive, the given equation must, by art. 190, have a real 
root contained betwen and — oo, that is, a negative root ; but 
if m is negative^ there must be a real root contained between 
and -j- CO, that is, a positive root ; so that there must al- 
ways be a root affected with a sign contrary to that of m. 
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194. Theorem. The number of real roots, if there 
are any, of an equation of an ^en degree must be even^ 
and if the last term is negative, there must be (U least 
two real roots, one positive and the other negative, 

Demontiratioiu Let the equation be 

aj» + a z*— ^ -}- 6 a^-"* -}- A'C. ...-(-»• = ^> 
in which n is even. 

Pint. To prove that the number of real roots is even. 
The substitution of 

gives lor the value of the first member 

which IB positive* 
The substitution of 

X = QD 

gives for the value of the first member 

0D» — a QD* — * + ^ c»*""^ + ^^* •.. + «, 
which is also ^'^j^ire. 

Hence, if tlie given equation has any real root there must, 
by art. 192, be an even number of them. 

Secondly, To prove that when m is negative, there must 
be two real roots, the one positive, the other negative. The 
substitution of 

reduces the given first member to its last term m, and this 
result is therefore negative in the present case. 

Comparing this with the above results, we see that there 
must be a root between and -|- oo, and also one between 
and -r Qo ; that is, the given equation has tWo roots, the 
one positive and the other negative. 
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Number of Imaginary BootB ; of R^I Positive Roots. 

195. Corottar jf. SincQ tbe- number of real roots of 
an equation of an uneven degree is uneven, and that 
erf an equation of an even degree iseven^ ihe number 
of imaginary roots of every equation^ which has imagi- 
nary roots, must be even. ^ 

196. Theorem. The number of real positive roots 
of an equation is even, token its last term is positive; 
and it is uneven^ token the last term is negative. 

Demonstration. The substitution of 

gites, for the first member of the given eqaation, a positive 
result ; while the substitution of 

reduces the first member, to its last term» 

Hence if this last term is positive, the number of real 
roots contained between and dt)> that is, of positiye roo<s^ 
mustf by art. 191, be even; and if this last term is negative, 
the numt)er of these roots' must be uneveii. 

197. Theorem. An equation cannot have a greater 
number of positive roots than there are variahons in 
the signs of its terms, nor a greater number of 
negative roots than there ar$ permanences cf these 
signs. 

demonstration* The truth of this proposition would be 
demonstrated, if it could be shown that the multiplication, of 
the firi^t member of an equation by a factor x -^ a, corr^ 
spend ing to a positioe root, must introduce at Itdst one 

19 
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Number ofPoiitiTe and Negfative Roeto. 



variatum, and that the tnuUipHoation ky a factor a; -|' ^» 
must introduce al leas^ erne permanence, . 

Let the general equation of the nth degree be 

in which the signs succeed each other in any manner what- 
•f er. 

If .we multiply tliis equation by x — a, it becooies 



— a 



a*± B 












l*he signs in the upper Hue of this product are the same as 
in the given equation, while those of the lower line are the 
reverse of those of the given equaUon advanced one rank 
towards the right 

If, then, we proceed from the first to the last term of Uie 
product, we must find the same changes bf signs as in the 
given equation, salong as we can^remain in either of th^se 
lines. 

But we are forced to descend from the upper line to the 
lower line» as soon as we come to a ternt in which the lower 
number is larger than the upper one, and has the opposite 
sign. In this case, a n^vi variation is clearly introduced, 
for the lower sign is, as before remarked, the reverse of the 
preceding upper sign; and, all the retnaining signs of the 
lower line being the reverse of the preceding ones of .the 
upper line, we must find the same, changes of sign; as we 
should have found in the upper line. 

If, however, we should, after this, come to a tetm in which 
the upper number is tlie greater, aiid hlis the reverse sign of 
tl^e lawer one, 'we must reaacend to the upper line. In this 
.^aae, the order of the signs inust evidently be the same as 
U would be, ii, in the lower line this term were bmitted, and 
the following signa reversed. But with the omission of a 
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term, twxx successions of signs mast be lost, one pf which at 
least is here a permanence ; . for the lower sign of the omitted 
t^rm, bein^ the reverse of the upper^sign, must be the same 
as its succeeding sign in, the lower line. Not more than 
one variation can, Iherelbre, be lost in ascending to the 
upper line, and this is replaced by the variation whic& is 
introduced in descending again to the lower line ; also since 
the last sign is in the Ipwer line, we must descend again to 
tfce lower line. 

Eacd factor, corresponding to a poi^itive root, tnoflt then 
introduce a new variation, so that there must be aa manj 
Tariati6ns as there are positive roots. 

In the same way, it may be shown that each factor, as 
X ■•{- €f, corresponding to the negative root -— a, must intro* 
duce at least one new permanence, so that there mast be as 
many permanences as there are negative roots. 

198. Corollary. The whole number of saccession of signs 
of an equation, that is, the sum of the permanences and 
variations, is one less than the number of terms, or the same 
as the degree of the equation, that is, the slime as the 
number of roots. . 

If, therefore, all the roots are real, the number of 
positive roots must be the same as the number of 
variations, and the number of negative roots must be 
the same as the number of permanences. 

199. Scholium. Whenever a term is wanting in an 
equation, its place may be supplied by zero, and either 
sign may be prefixed. 

20a Corollary. When the substitution of + for 
a term which is wantiog gives a diferent number of 
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. . Zero substituted for a Term whicli is waDting. 

permaDences from that which is obtained by the sub- 
stitution of — 0, and. consequently a.di&rent number 
of variations also, the equation must have imaginary 
roots. ' 

201. Theorem. When the sign of the term which 
precedes a deficient term, is the same with that which 
foUows it, the equation must have im^aginary roots. 

Denumstration. For if the terms whi^h precede and fol- 
low the deficient term are both positive, the substitution of 
-|- gives two perraanenoes ; while the substitution of — 
gives two variations. The reverse is the case when both 
these terms are negative. The equation must therefore, in 
either case,. have imaginary roots. 

202. Theorem. When two or more successive terms 
of an equation are wanting, the eqvxition must have 
imaginary roots. 

Demonstration. For the second deficient term may be 
supplied with zero affected by the same sign as that of the 
term preceding the deficient terms \ and the first deficient 
term is then preceded and followed by terms halving the same 
sign, so that there must, by the preceding article, be imagi- 
nary ]:oots. 

203. Theorem. When ah uneven number (m) of 
successive terms is vmniing in an equation, the num- 
ber of imaginary roots must be at least as great as 
[m -hi), if the term preceding the deficient terms 
has the same sign vnth the term following them ; and 
the number of imaginary roots must be at least as 
great as {m — I), if the term preceding the deficient 
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CH. Tit I. <^ i:] , NUMBER' OF REAL ROOTS. 221 

I I i^^— ^^ H ill 4 ■■ ■■' ■*■■ ^ III ■■ ■ ■III I I ■! I I I ■■jl I I ^Pi— i^M^— — ^M— 1^— — 

Imagiaary Roots, when Terma tre wanliiig. 

terms has the reverse sign of the term foUomng 
thevhr ^ 

Demonstration, Let n denote the degree of the equation^ 
p the number o^ permanences of the given equation which 
are independent of the deficient term& here considered, 
and V the number of variations ; the number of suiccessions 
which are dependent upon these deficient terins must be 
(w -f- 1) ; so that, as iit art. 198, 

or 

V -j- jp a=s » — (jll -f- 1). 

First, If the sign of the term preceding the deficient 
terms is the' same with the iign of the term following them ; 
supply the place of each deficient term with zero afiected 
by this same sign. All the successions, dependent upon the 
deficient terms, must in this casS be permanences ; ao that 
t^ wilL be the whole number of variations of the given equa- 
tion, and the number of positive roots cannot therefore ex* 
ceed V. 

But if the sign of every other zero b^inning with the 
first is revised, namely, of the first, third, fiflh, &c., (ril the 
permanences dependent upon the deficient ternks are changed 
into variations ; so that p will be the whole number of per- 
manences of the giveii equation, and the number of negative 
roots cannot therefore exceed P' 

Hence the whole number of real roots^ eaimot exceed 

»+jp = n — (m-|- 1); 

aildi therefore, the I'emaining (m 4* 1) foots must be imagi- 
nary. 

Secondly, If the sign of the term preceding the deficient 
terms is the reverse of the sign of the term following them; 

19* 
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Imaginary Roots, when Term» are wanting. 

supply the place of each deficient terra with zero affected 
by the same sign as that of the term preceding the deficient 
terms. All the successions, dependent opon the deficient 
terms, must in this case be permanences, except the last^ 
which is a variation ; so that v -{- I will be the whole num- 
ber of variations of the given equation, and the number of 
positive roots cannot, therefore, exceed t; -f- 1. 

But if the sign of first, tUrd, fifth, di.c. ^seros be reversed, 
all the permanenpes dependent upon the deficient terms are 
changed into variations, and the variation is changed into a 
permanence ; so that p -{- I will be the whole number of 
permanences of the given equation ; and the . number of 
negative roots cannot, therefore^ exceed p -f- 1. 

> Hence the whole number of real- roots cannot exceed 

iy+p + a = n— (OT+l)+2 = n — (m— 1); 

and, therefore, the remaining (m -^ 1) rootamust be imagi- 
nary. 

204. Theorem. When an even number of sttcces- 
$ive terms is wanting in an equation^ the mim^ber of 
imaginary roots must be at least as great as the 
number of these deficient terms* 

Demonstration. Let m, n, p, v, and s be used as in the 
preceding article. Let the place of the first deficient term 
be supplied by zero affected with . the same sign as that of 
the term which Ibllows the deficient terms. 

The number of deficient terms is thus reduced to the un- 
even number m — 1^ and, as the term preceding the de- 
ficient terms is now of the same sign with that of the term 
following them, the, number of imaginary roots of the equa- 
tion must,, by the preceding, article, be at least as great as 



OH. Vin. <^ I.] KUMBEB 01" REAL ROOTS. 



223 



Casei in which Cubic Equation has Real Roots. 

i- i^ipi.1 I . ■ I I - I I - ' • \ • ^-^-r-^— — — 

306. Corolldry. Any equation of the third degree 
may, by art. 170, be reduced to the form 

u^ -{- pu -{- q =. 

in which the second term is wanting ; and this equa- 
tion must, by art. 202, h'ave two imaginary roots, 
whenever p is positive. « 

206. Theorem. The equation 

must have two imaginary roots, whenever.)} is posi- 
live, and 

* 

Demonstration, Since the given equation js of the third ^ 
degree, it must, by art. 193, have at least one real root. 
Denote this root by a; and the equation is, by art. 161, 
divisible by u — a ; and the quotient is evidently of the 
form 

so that the other two roots of the given equation are the 
same with those of the equation 

u^ ^ au -}- b z=i 0, 

Now, by art. 154, the roots of this equation are imaginary, 
when 

and not otherwise. 

But the product of the two factors, 

tt — a and u^ -{^ au -\^ b, 
is 

tt3 — {a^ — b)u — ab; 

whteh,^ compared with, the given equalion^ giret 

o == a* — 6, 
g SB — ab* 
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When the given ^uation has imaginary roots« we have 

a^ — 6 < a» — i a^\ 

iJ><ia», or 3Vp'<A«'; 
i ?» > iV «• > aVP"- 



that is, 
or 
also 
that is, 



SECTION II. 

•' • » 

Limits of the Real Roots of an Equation. 

SOT. A number, which is greater tljan the greatest 
of the positive roots of an equation, is' called a su- 
perior limit of the positive roots ; and one, which is 
less than the least of the positive roots, is called an 
inferior Umit of the positive roots. 

In the same way, a superior limit of the negative 
roots is a number which, neglecting the signs, is 
greater than the greatest negative root ; and an infe- 
rior limit of the negative roots is a number which is 
less than the least negative root. 

208. Problem. To find a superior limit of the posi- 
tive roots, 

SabtHan. The sura of all the negative terms being equal 
to the sum of all the positive terms, must exceed each posi- 
tive term. Let^ then^ *-7 i9 be the greatest negatite ooeffictem 
of the equation of the nth d€tgree,^aad m the exponent of the 
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~^ Superior Limjl of Positive Roots. 

higbesi negative term ; ihe sam of the negative terms, neg- 
lecting their signs, must evidently be less than that of the 
series 

^-{. Sx + Sx^ + &c. . . . + iSra:«, 

for each term of this series is greater than the correspond- 
ing negative term of the equation. 

But this series is a geometrical progression of wliich S is 
the first term, 8t^ the last term, and x the ratio; so that its 
sum is, by example 3, of art.-186, 

' -» 
X— 1 ' . 

and must be greater than any, positive term, as 2», or ■ - 

St^ + ^ — S St^-^^ 

xn <; __^ < . 

X — I z 1 

Hence 

or 

{x— l)x*-^-^<8. 

But, since . - 

m 

X — 1 < a; and'(x — jj»— m — i <^« — w — i, 
we must have 

and, thereibre, 

n — m 

x — l< ^S, 
or 

n — m 

If we, then, denote by L this superior limit of the positive 
roots, we have 
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Limits of Negative Roots. 

I 

that is^ a siq^erior limit of the positive rooi9 is tmityf 
increased by that root of the greatest negcUive coeffi* 
dent, whose index is equal to the number* of terms 
7thich ta&uld precede the first negative term, if no 
terms were wanting. 

209. Problem. To find an inferior limit of the 
positive roots. 

Solution, Sabstitute in the given equation for t, the value 

1 

and find, bj the preceding articki a superior hmit of the 
positive values of tf, after the equation is reduced to the 
form of art. 168 ; and denote this limit by L'. 

We have, then, 
and, therefore, 

or - 

.1 

so that Y7 ^3 ^^ inferior Hmit of the positive roots of the 
given equation. 

210. Problem. To find the limits of the negative 
roots of an equation. 

Solution. Suhslitnte for z 

* af = — y, 
and the positive roots of the equation thus formed are the 
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negative roots of the given eqaation ; and, therefore, the 
limits of its positive roots become, by changing their sig'ns, 
the required limits. 



SECTION III, 
Conunenrarable Rants. 

2ll« A Commensurable Root is a real root which 
can be exactly expressed by whole numbers or frac- 
tions. 

212. Problem^^ To find the oomm>ensurable roots of 
the eqtuttion ^ • 

iji which a, 6, S^c, are aU integers^ either positive or 
negative. 

Soluti9n, Let one of the icommensurahle roots be, when 
reduced to its lowest terpns^ 

9 

m 

As this root must verify the given equation, we have 

— + a ^^, + 6"?^ + &c. + m == 0; 

whence, multiplying by ^~^,.and transposing, we obtain 

:s— = — ap"-r-i — 6p«— 9^ — &c. . . .- — III j»— 1; 

and^ therefore, as the second member is integral, t)ie first 
member must also be integral, or we must have . 

whence ^ 
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Method of finding Integral Roots. 

that is, everj/ eom/menstirable root of the given equor 
Hon 7nust be an integer* 

Again, the substitution of 

in the given equation^ produces 

whence, dividing by p, and transposing, we obtain 

- = — /— kp -—fee. . . . -^-ap*-***- — p*^^9 

and, therefore, as the second member is integral, the first 
member must be so likewise; that in^^every integral root 
must he a divisor%f m, 

• * 

If, now, we denote by m\ - ' 

«l' = 4- /, 

P 

the preceding equation gives, by transposing and dividing 

mf 

— =i^^k^ip-^hp^ -^gpP ^— &c. — ap»-3 — p*"^. 

so that this integral Toot mustjikewise be a divisor of m'. 
In the same way, if we use m'^, m"Jy m>^, d&c. as follows : 

m!" = U i, 

P 

P ^ 



1 »■ 

CM. nil. ^ in.]- covasMtmnM^LE roots, 89^ 



Method of finding Integral Roots. 



this integral root must be a divisor ofm", wl"^ Uf^^, &c. ; a»d^ 
the last condition to be satisfied is 

Hence to find ail the commensurate roots of the given 
equation, torite in the same horizontal line all the integral 
divisors ofm, which are contained between the extreme limits 
of the roots. 

Write below these divisors all the corresponding vidues 
of m\ m"^ S^c, ' which are integral, remembering that a 
divisor cannot be a root, when the values which it gives for 
either m', m'\ m''\ S^c, is fractional, 

* Proceed in this 'way till the v<dues ofml*"^^ are obtained, 
and those divisors only are roots which give *-p for tlU 
value of this quantity. 

BXAHPLBS. 

1% .Find the commensurable roots of the equation 
26 _ 19 ^3 + 34 22 + 12 1 — 40 = 0. 

Solution. The extreme limits of the real roots are -f- 7,4, 
and — 7,8. Hence we have 

f»= — 40; 

p ^ 6, 4, 2, 1, _ 1, -^ 2, — 4^ — 5 

m' = . 4, 2, — 8> —28, 52, 32^ 22, 20 

m" = ,. , 30> 6> —18, 18, , 30 

m" = , , _ 4, —13, — 1, —28, , —25 

««^ = , , — 2, —13, 1, 14, ,5. 

and, therefore, 2> -^ 1, and — 5 are roots of the given 
equation, and its first member, divided by the fkctor 

(« — 2) (x + 1) (« + 5) = x3 +4 x« — 7 2^— 10, 

20 
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CommenBurable Roots of any Equation, 
gires the quoUent 

and, therefore, the remaining roots ace those of the equation 

x2— 4x4-4 = 
which are equal to each jother, and each i^ 

a; =:: 2. 

2. Find the commensurable roots of the equation 

Ans. 6, 1, — 1, and — 2. 

3. Find all the roots of the equation 

24 -^ a;8 _ 24 ^a +.43 X — 2r= 

which has commensurable roots. ^ 

Ans. 1, 3, — f db iV53. 

4. Find all the roots of the equation 

x8 _ 6^1 ^ iga; -^ 44 = 

which has a commensurable root 

Ans. 4, and 1 dc \/ — 10. 

5. Find all the roots of the equation 

«* ^ lOz* -f-35!ca— 60a; + 24sa=0 

which has commensurable rootsi 

Ans, 1) 2, 3, 4« 

6. Find all the rooU of the equatioii . ^ 

26_3a;4_8x8-f-a4xa— 0x-f-27=±=0 *^ 

which has commensurable and equal roots. ' 

Ans. 3, — 3 and ^ \/— I. 

7. Find all the roots of the equation 

a«— 23x4— 48x3-b95x2+400«+375 = I 

which has commensurable and also equal roots. 

Ans. 3, 6, and — 2 ± V—- 1. 



I 
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Commensurable Roots of any Equation. 

W3. Problem. To find the commensurable roots of 
an equation, 

Soh^en. Reduce the equation to the form 

il x* + JB x«-i + &>'c + i X + JIf = 0, 

in which A, B, d&c. are all integers, eithelt positiwe or nega- 
tive. 

Substitute for x the value 
and the equation becomes 

which) multiplied byii*— i, is 

y«+jfey»-i+^Cy*-a+&c. . . +^— 8Xy + ii*-iJlf = 0. , 

The commensurable roots of this equation may be 
foundf as in the preceding article, and being divided 
bp A J will give the commensurable roots of the re- 
quired equation, 

214. Scholium, The substitution of 

is not always the one which will lead to the most 
simple result. But when A has two or more equal 
factors, it is often the case that the substitution 

2 = -^ 

will lead to an equation of the desired form, A' being 
the product of the prime factors of Aj and each factor 
is scarcely ever repeated more than once. 
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CoiDineD8urab)e Roots of sQjr Equation. 

EXAMI^LES. 

1 

1. Find the comm^sttraUe jro^ls of the eqiMtioo ] 

64z* -^ 3282:3 4- 674?;2 ^ 393 X 4- 90 = 0- 

Solution. W(e hate, in this case, 

4 = 64 = 2« ; 

henee we may take A' equal to some power of 2 ; and it is 
easily seen that the third power will do, so that we mi|y 
make 

Hence the given equation becomes 

y4 _ 41 y3 4. 574 y2_ 3144^4.5760 = 0. 

The commensurable roots of which are found, as in art; 211, 
to be . 

y =;: 4, 6, 15, and 16 ; 

•o that the roots of the given equation are 

^ — h h H» awd 2. 

2. Find the commensurable roots of the equation 

8 «» + 34 X2 — 79 X + 30 = 0. 

Ans. h i, and — 6. 

« 

3. Find the commensurable roots of the equation » 

24 x3 — 26 x2 4. 9 X _ 1 = 0. 

. Ans, J, ^, and I, -^ 

4. Find the commensurable roots of the equation 

3 «3 _ 14 a;2 4- 21 X — 10 = 0. 

Ans. 1, f, and 2. 

5. Find the commensurable roots of the equation 

8 X* — 38ai3 4- 49 x^ — 22x 4- 3 == 0. 

' Ans. }, ^y 1, and^ 
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IncommeDsarable Roots whose difference is greater than E. 

6. Find all the roots of the equation 

6a;3 + 7x2 + 39a: + 63 = 

which has a commensurable root. 

Ans. — f, and i ± i V--261. 

7. Find the commensurable roots of the equation 
9x« +30x6 -f222* + 10«3^+17«»-^ 202+4 = 0. 

ilfts, ^ and — 3. 



SECTION IV. 
Incommensurable Roots. 

216. A real root, which cannot be exactly expressed 
in numbers, is called an incommensurable root. 

216. Problem* To find the incommensurable roots 
of an equation J the difference between etiery two of 
whose roots is known to exceed a given quantity E. 

Solution. Form the arithmetical pr,ogression 

0, E, iE, 3Ey 4. Ej &c. 

continued to the superior limit of the positive roots ; 
also the progression 

0, — £, — 2 jB, — 3 E,Aa. 

continued to the superior limit of the negative roots* 
Substitute, suceessivelify each term ef eaeft of these 
progressions for the unknown quantity in the first 
member of the equation^ reduced to the form of art^ 
160. 

20» 
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Decimal pUces to be retained. 

When two successive vahCes of the first member 
thus obtained are affected by opposite signs, a root 
musty by art. 190, be contained between the correspond- 
ing terms of the series, and not more than one root, 
because the difference- between two roots is greater 

m 

than that between two ierm,s of the series. 

Either hf these two terms of the series must, there- 
fore, differ fironh the root by a quantity less than E, 
less, therefore, than unity, when E is etpml to or less 
than unity ; and m^iy be assumed as the first approx^ 
imation to this root. 

But if one or more integers are contained between 
the two terms of the series, which must be the case 
whefi E is greater than unity, the successive substitU" 
Hon of these integers for the unknown quantity of th^ 
equation will give an integer, which differs from thp 
root by a qtmntity less than-unity, and which is to be 
' ft^f erred as the first approximation to its value. 

Represeniing this first approximation by w, /and 
the quantity by which it differs from the true r<M 
by h, substitute 

w + h 

for the unknown quantity in the equation; and since 
h is less than unity, its powers must be stilt sm>aller, 
and the terms containing them may be omitted, so 
that the result may be reduced to the form 

Ah ^ M ssO. 

the value of A, obtained from this equation, sub- 
stituted in 

w + h, 
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Decinml places to be retained. 

gives a second appro:tifnation to the. value of the rootj 
Jrom which a third approximation may be obtaiiied in 
. the same way that this was obtained from the first 
approximation, and so on to higher approxim>ations. 

217. Scholium, It is aduisabU 'to reduce all the 
calculations of this solution to decimal fractions ; and 
retain in each multiplication or division only, one or 
two decimal places beyond the probable accuracy of' 
the approximation. ' 

I'lie third' approximation is rarely exact beyond 
three places of decimals ; but every further approxi- 
mation may usiiially be relied upon to twice as many 
places of decimals as its preceding approximation. 

218. Scholium. The real roots of most equations 
which are met with in- praetice differ from each other 
by more than unity, or, at least, only one real root is 
usually included between two successive integers, so 
that the substitution of all the integers contained be- 
tween the extreme limits of the roots will usually lead 
to their discovery. Even if this substitution of the 
intej^ers ie unsuccessful, it is rarely useless, for the pro- 
gressive increase or diminution of the values of the 
first member will usually indicate the integers which 
are nearest to the roots ; and the substitution of frae- 
tional values which differ but little from these integers 
can hardly fail of success. 

219. Scholium. Before applying this solution to au 
equation, it is almost always advisable to transform it, 
as in art. 170, to a form ia which the second term is 
wanting. 



^ 
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Example* of locom mensurable Roots. 

EXAMPI^ES. 

1. Find the real roots of the equation 

a;3 — 15 x2 + 72 X — 109 = 0. 

Solution. Transform it, aann art. 170, by substituting for x, 

X =z u •{' 5, 
by which it becomes 

«3— 3ti + l==0; 

and the limits of ti are 1 -|- \/ 3, and -*- 1 — \/ 3. Now 
the substitation for ti of 

. 8, 2, 1,0, —1,-2, —3 

gives for the corresponding values of the first member 

19, 3,-1, 1,3,-1,-17; 

so that there must be a real root 

between 1 and 2, 

m 

a second between and 1, 
'and the third between — 1 and — 2. 

Now the substitution of 

~ ti = 10 4" ^ 
gives, by neglecting all the powers of h; but the. first, 

whence 

ipg — 3 tg 4- 1 

^- 3 — 3w« • 

In order to find the first root, let 

«^=1, 

and we have 

A = .^ QO, 
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which is useli^jSHB, and we must therefore make 

which gires 

* = — i = — 0,3, 
and 

« = 1,7. , 

Again, the substitution of 

to =; 1,7 
gives 

A = —0,15 
and 

u = 1,55. 

Again, the substitution of 

uf = 1,55 , 

gives 

A = — 0,018 
and 

wr=z 1-532. 

Lastly, the substitution of 

»=:: 1*532 

gives 

A=:<>,oooa8o 

• and 

u = 1,532080. « 

In the same way the other two roots may be found to be 

tt= 0,347296 
and 

« = — 1-879399. 

2. Find the real roots of the equation 

2z*— 20x + 19 = 0. 

Soluti&n, Since .two successive terms are wanting, this 
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equation must, by art. 202, have at least two Imaginary 
roots ; and also since the substitution of 

a; = — y 
' givea 

25^* -h 20^ + 19 = 0, 

which evidently cannot be satisfied by a positive value of y, 

th^ given equation cannot have negative roots. The limits 

3 
of its roots are therefore 0, and 1 -|- VlO, that is^ I and 3,2. 

The substitution then for x, of 0, I, 2, 3, 4, gives for the 
corresponding values of the first member 

19, 1, 11, 121, 461 ^ 

. so that if there is a real root, it is probably nearly 1. Now 
the substitution of 0,9 and of 1,1 for x, gives for the values 

' of this first member : 2,3122 and — 0,0718; so Jthat there 
must be a real root between 1 and 1,1, and another between 
1,1 and 2 ; and these roots are found as above to be nearly 
1,0922 and 1,5914. 

3. Find the approximate real root of the equation 

x3 _ 12 2; -f 132 = 0. 

Ans, — 5,872052. 

4. Find the approximate real roots of the equation 

2)4 -(- 8 a;2 -|- 16 a: — 440 = 0. 

Ans. 3,976, and —4,3504. 

5. Find the approximate real roots of the equation « 

5 a;3— 62 + 2 = 0. 

Ans. 0,856, 0,379, and — 1,234. 

220. Problem. To find an inferior limit of the dif- 
ference between two roots 4>f an equation. 
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Solution, Let the equation be . , - 

Ax* + B x*-^ 4. &c. = 0; 

represent two of its \r09ts by x' and x'\ and their difference 
by Df so that we have 

Ax'*"\- B i'«-i -f &c. = 0, 

D ^x' — xP. 

The elimination of x' and x" between these equations gives 
an equation containing only D^ whence the inferior limit of 
D is determined as in art. 209. 

221. Scholium, It is plain, from the remarks of art. 
318, that the solution of this problem can rarely* be of 
any practical use, and yet it is important to complete 
this chapter. 



EXAMPLES. 

1. Find the inferior limit of the difference of the roots of 
the equaiioQ 

7x«— 62 + 2==0. 

Solution. The elimination of 2/ and x^' between the equa* 

tiODS ^ 

7a/3_6x'4-2 = 0> 
7 at" 3 _6x" + 2 = 0> 

gives 

383 D* — 766 1>^ — 324 = 0§ 

and therefore, we have, by art. 209, 

If > 0,4. - 
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2. Find the inferior limit of the difference between two 
roots of the equation 

5x3_3x— 1 = 0. 

Ans, 0,4. 

3. Find the inferior limit of the difference between two 
roots of the equation 

Ans. 0,3. " 

4. Find the equation for determining the diflference be- 
tween two roots of "the equation 

Ax^ — Bx + C=zO. 
Ans. A* D^'—3AB^IP^~^7AC^^2B^ = 0, 

in which D denotes the required difference. 
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q^APTER IX. 

Continued Fractions, 

222. A continued fraction is one whose numerator 
is unity, and its denominator an integer increased by 
a fraction, whose ni^erator is likewise t;inity, atid 
which may be a continued fraction. 

Thus, 

— ■ — and r» 

1.1 



a-f- a + 



' ^+- 



.+' 



c^-f &.C. 
are coBtintted firftctiona. 

223. Problem, Tofiri6i the value of a continued frac- 
tion which is composed of a fimU number of fractions. 

Solution, Let the given fraction be 
i 



.+1 



'+5- 



Beginning with the laat fraction, we have succeasiTeli 



, 1 ed4-l 
1 d 



21 
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^ . 1 ^ cd-^-l ed4-l 



'+5 



+ 



ft + 



_ crf+l •_ cd+l 



b{cd+l)-\-d (bc+l)d + b 



' + 5 



« + 



6 + 



a+' 



_ ad(bc-\-l) + ab+cd + l 

1_ ~ (6e+l)<^-i-ft 

, L . '■ 

"" ac?(6c+l)-|-a6 + crf+l 



*+— 1 = 



{bc+l)d + b 



and this method can easily be applied in any other case. 



EXAMPLES. 



1. Find the value of the continued fraction 



2+ 



3 + i 

^2 



Ans. a. 



2. Find the value of the continued fraction 

1 



*+ 



'+i 



AH$» "5^. 
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224. Froblqm.^ To find the value of an infinite con- 
tinned fraction^ 

Solution. Let the fraction be 

1 



»+' 



c-|-&c. 



An approximate value of. this fraction is obviou&ly 
obtained by omitting all its terms beyond any assum-- 
ed fraction, and obtaining the value of the resulting 
fraction, as in the previous article. 



Thus we obtain, successive! j, 
1 1 



a a 



1st approx. value. 



1 * «j , 

7 = . , ^ 2a approx. value. 

1 ao -1-1 '^'^ 



'+; 



. 1 hc + l _^ , 

7 = 7 — , , ,\ — ; — 3a approx. value. 

^ , I {ab+l)c + a 

" "T 1 dtC. d&C. 

' c 

and each of these values is easily shown to be more accurate 
than the preceding ; for the second value is what thp first 
becomes by, substituting, for the denominator a, the more 

accurate denominator a -|- ^ ; the third is what the second 

becomes by substituting, for the denominator 6, the more 

l' 

accurate denominator bA — ; and so on. 

c 
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226. Theorem. The nwmeraior ^f any approaimate 
value, as the nth, is obtained from the numerators of 
the two preceding approximate values, the (n — 1)«/, 
and the (n — 2)nrf, by mwUiplying the (rt — ^ l)«f HUr 
merator by the nth denominator contained in the 
given continued fraction, and adding to the result the 
num,erator of the (n — %)nd tapproocimute value. 

The denominator of the nth approximate value is 
obtained in the same way from the two preceding de- 
nmmnators. 

Demonstration. Let the (n — 3)rd, (n — 2)ni, (» — 1 )st; 
a^nd nth approximate values be respectively 

E L E A E 

K" L* M'' N" 

and let the (n -^ l)8t and the nth denominators, contained 
in the given continued fraction, be p and q. 

We shall suppose the proposition demonstrated for the 
(n^ — 1 )st approximate value., and shall prove that it can 
thence be continued to the nth vUue; that is, vire ibail sup- 
pose it proved that 

M p L -^K 

M' p L'+K 

Now it is plain, from the remarks at the end of the prieceding 

article, that the nth value is deduced from the (n — l)st, by 

1 ^ 

changing p into p -^ — ; which change, blAftg wid» In th^ 



preceding value, gives 

' / 1\ "" lpL' + K')q + L 

[p + ^)l'^k ^^^^ ^'^ 



N 
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Hence we haye, by substituting 

M'^pL'+K'] 

N__ M q + L 
iV»"" M'q+L'* 

that is, the value required to satisfy the theorem. 

^ If, therefore, it can be shown that the proposition is true 

for any approximate yalue, it follows that it must be true for 

every succeeding value. But the comparison df the values 

^ven in the preceding article shows that it is true for the 

third value, and therefore for every succeeding v'alue. 

*226. Theorem. If two succeeding approximate val- 
ues are reduced to a common denominator eq-ual to the 
product of their denominators^ the differe^ice of their 
ntmierators is unity. 

Demonstration, Let the (a — 2)nd, (n-— l)st, and ttth 
approximate values be 

. \L M ^ -^ _ Mq + L 
h' M" "^"^ N^^ Mq + L' 

the difference between the (n-r- 2)nd and (n — l)st is 

. XM' — L'M 

=*= L'M ' . 

and that between the (n — l)st and nth is 

MN—MN' _ (MM!-^MM' )q- ^Bi'L—M L' 

_ LM — L'M 

""=^ MN' '" 

of both which diflferences the numerators are the same: and 
therefore, this is always the caae. 

21* 



846 AiUGEBBA. Ijca, Xl^ 



Approximate Value compared with Trye Value. 



Now the first and second approximate values, as giv^n in 
art. 224, are, when iredaced to a common denominator, 

ab -4- 1 , ab 

and 



a(a6 + l) a(ab+l)] - 

the difference of the numerators of which is 1 ; and therefore 
unity must always be the difference of two such numera- 
tors. 

2S7. Theorem. The approximate valuee of a eon^ 
tinned ftahtion are alternately larger and smaller 
than its true value, the first being larger, the second 
smaller, and so on alternately, 

,J)emonstration^ Since, in the preccTding dempnstfation, 
the subtraction of the (n t— l)st value from the (n — )2nd, 
gave a fraction having the same numerator as that obtained, 
by its subtraction from the Tith ; we see that if the (n — l)st 
value is larger than the (n— r.2)ud, it must also be larger 
than the ndi ;• and if the {n — ] )st is smaller than the 
(n — 2)nd, it is also smaller than the nth. 

But the true value is, by art. 224, nearer thej(« — l)st 
value than the (n — 2)nd, and nearer the nth than the 
(« — l)st.; so that when the (n — l)st value is larger than 
the (n — 2)nd, the true value. must likewise be -larger than 
the («. — 2)nd, and smaller than the nth, and so on alter- 
nately; but when the (n — l)st value is smaller than the 
(n — 2)nd, the true value m^stJbe smaljer than the{n-*-r$)nd, 
and larger than the (n — l)st, and so on alternately. 

Now the first valqe is, by the preceding article, larger 
than the second, and therefore ^the true value is smaller than 
tlie first, larger than the second, and ^ on alternately^ 

228. Theorem, Each approximate value of ^ con- 
Hitiued fraction differs from the truo, value by i^.^wn-r 



Oil. IX»] CONTINUKO FBi^CTIONS. S47 

Appro^Kimate V aki« ooo^red with True Y alae. 

tity less than the fraction whose numerator is unity, 
and whose denominator is the square of the denomi- 
nator of this approximate value. 

Demonstration. Let the denominator <if the two succes- 
•ive approximate values be M' and N' ; iV' must, by art. 
336, be larger than M ' ; and the difierence between these 
two values must be 

1 

But, by the preceding article, the true value is contained 
between these two approximate values, and therefore differs 
from either of them by a quantity less than their difference. 

Now, since 

M'<N', ' 
we have 

and 

1 1 

jf/2 > M' N'' 

so that the true value must differ from the approximate value, 
whose denominator is M'^ by a quantity less than 

1 

that is, less than a fraction whose numerator is 1, and de- 
nominator M' 2. 

• • 

229. *Problefn. To transform any quanftty into a 
continued fraction. 

Solution. Let X he the quantity to be transformed. 
Find the greatest integer contained in JT, and denote 
it by A, and denote the excess of X above A by the 

1 

fraction — ; and we hare ' • 
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A + ^ = X, 



and 



^ = 



— A 



Pram this value of sfj find the greatest integer conr 
tained in 3f\ and denote it by a, and the excess of x' 

above aby —] whence 



af' = 



xf — a' 



from which the greatest integer contained in x" is to 
be founds and so on ; so that we have 



X^A^ 



fl-|- 



a! + dec. 



XXAMPLE. 



Transform f f|^ into a continued fraction. 

Solution, We hare, in this case, successively, 

-4 = 2; 
] 



a=l; 

a' =2; 

x'"== If, 
af'=zl; 

2iT== 87 = <!"'; 



361 

263' 
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and the required continued fraction is 

1 

m = 2 + —1 

■^ 1 

3 + i- 



. + ' 



87* 

230. Corollary. The values of a^, a"^ S^c>, in the 
case of a vulgar 'fraction, are evidently/ the quotients 
which tbcPdtd be obtained by the process of finding the 
greatest Comnvoft di^isur of this numerator ^nd d&nom- 
irwd^rnfx'^ 

The preceding fyroe^ai might therefore be perfontied as 
foiki#s : 

263 

'88|263|2 = a' ' .' 

87 

T|87187ttifca*" 
_87 V 

_ - • * - 

231. Corollary. If d fraction or ratio is transform- 
ed into a^ontinued fraction by the preceding process, 
the approximate values of this continued fraction are 
also approximate values of the given fraction or ratio 
which are often of great practical use, 

Thu? the approximate values t>f ^^, are 

2, 3, f , V ? 
of which the lui differs &om the true value by only ^\j^. 
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EXAMPLES. 

1. Find approximate values of the fraction f^. 

Ans. i, ifr n, and U^. 

2. Find approximate values of the fraction . i^^^W 

^ns. 2V, A» u*oV> T¥h» ^V. and AVt- 

3. Find approximate values of the fraction ^^jW^^* 

4. Find approximate values of the fraction 0,945. 

Ans. |> and ^. 

5. Find approximate values of the fraction 1,27. 

^ns. I, f , it, f f , and |^. 

6. The lunar month performs a revolution in 27,321661 
days. Find approximate values for this time. 

Ans. 27, ^, W>\W»^<^- <^ays, which show that 

the moon revolves about 3 times in 82 days ; or 

^ with greater* accuracy, 28 times in 765 days ; 

and with still more accuracy, 143 times in 3907 

days.' 

7. The sidereal revolution of. Mercury is 87,969255 days. 
Find' approximate values for this time. 

. ' Ans. 88, m^, d&c. 

8. The sidereal revolution of Venus is 224,700817 days. 
Find approximate values for this time. 

Ans, 225, 6j4, l^, 2^47^ ^H^"", &c. 

9. The ratio of the circumference of a circle ^to its diam- 
eter is 3,1415926535. Find approximate values for this 
ratio. 

^ns. 8, V, m» m> ^tc- 
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Approximate Roots of Equation. 

23'3. Corollary. The process of art. 229 may he 
applied to finding the real roots of an*eqtuitiony the 
approximate values of which, obtained by this process, 
can easily be reduced to decimals. 



\S 



EXAMPLES. 

1. Find the real root of the equation 

xd _ 3 2 _ 8 = 0. 
Solution. We have, in this case, 

-4 = 2, 

and if we substitute 



J .- . 1 



in the given equation, we obtain 

Ca/a— Ojc'a — 6 a;'— 1=0, 

whence we have 

a = 2j 

'and th^ substitution of . ^ ; 

f - 

x' = 2 + -l 

gives 

2"« — :30 jr"a _ 27 x'' — 6 = ; 

whence we have^ 

a! = 32, 
and so on. 
The approximate values of z are, therefore, 

2, 2i = 2,5, 2 if = 2,492, &c. 

% Find the real root of the equation 

x8_i2a;_28 = 0. 

Am. x=r 4,80213. 
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3. Find tte real roQt of ibe e<)ualioQ 

|P» -^ 12 x» ^ 5Ta; — 94 =r 0, 

233. Corollary: If the given equation is a binomial 
one J as in art, 149, we can obtain, by this process, a 
root of any degree whatever, 

EXAMPLfiS. 

1. Extract the square root of 5 by means of continued 
fractions. 

Solution. Representing tfafis root by x^ we have 

x2 = 6, 
whence 

^=s2; 

and the substitution of * 

X = 2 + — 

gives 

x'» — 4x'— 1 = 0; 

whence we have 

« = 4; 

and the substitution of ^ 

X' = 4 4- — 

x'' 

gives 

lef^^ — iz'^^l, 

which, being preciselj- the mtmtf Hvitfi the equation Pn x\ we 
may conclude that r 

4 =i= tf ts2 flK = fl" = a/// = &©. 
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and the approximatiDg values are 

and the ralne in decimals is 

2,23606. 

2. Extract' the third root of 46 by means of continaed 

fractions. 

Ans. 3,583. 

3. Extract the third root of 35 by means of continued 

fractions. 

Ans: 3,271. 

4. Extract the square rd0t of 2 by means of continued 
fractions. 

Ans. 1,4142136. 
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EXPONENTIAL EQUATIONS 



AND 



LOGARI^THMS. 



SECTION* I. 



EXPOXENTIAIr EQUATIOKS. 



1. An Exponential Equation is one in which the 
unknown quantity occurs as an exponent. 

2. Problem. To solve the exponential eqitatian 

6* = m. 

Solution, This equation is readily solved by means 
of continued fractions, as explained in Alg/art. 229. 

EXAMPLES. 

1. Soke the equation 

3* = 100. 

Solution. Since we have 

3* = 81, 
and 

3» = 243, 

22* 
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the greatest integer contained in z must be 4. Substituting 
then 



we hare 



or 



and 



r^4 + i, 



a*'^^^ = lOQ, 



J. A 

S^.^f =81 X 3*' = 100; 



3**= lAP; 



which being raised to the power denoted by x'^ is 

/100\ar 

Bj raising*^ to different powers, the greatest integer con- 
tained in x' is found to be 5. Substitiitiog then 



^'=5 + 1 



we have 






or 

10000000000 



3 = 



X (™)*- 



3486784401 
Hence 

/ 1,0460353203 V' =,: ^, 

from which the greatest integer contained in %" is found to 
be 4; and in the same way we might coottaue ihe pro-, 
cess. 

The approximate values of x .are then 

4, 4^, 4^, =^ 4,19, &c. 
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2. Find an apprpximate value for £, in the equation 

Ans. X = 2,46. 

3. Find an approximate value for x, in the equation 

Ans, X = 0,477. 

4. Find an approximate raYne for x, in the equation 

ilni. X = 0,53. 

3. Corollary, Whenever the values of p and m are both 
Urger or both smaller than uitttj, the value of x is positive. 
But when one of them is larger than unity while the other 
is sms^ller, the value of x must be negative ; for the positive 
power of a quantity 4arger than unity must be larger than 
unity, and the positive power of a quantity smaller than 
unity is smaller than unity ; whereas the negative power, 
being the reciprocal of the corresponding p>06itive power, 
must be greater than unity, when the positive power is less 
than unity, and the reverse. 

Hence to solve the equation 

in which one of the quantities, b and m, is greateir 
than unity, while the other is smaller than unity, 
malce 

ar = — y, 
which gives 

or "^ 



(1)' == "' 



which may be solved as in the preceding article. 
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Positive and Negative Logarithmf. 

EXAMPLES. 

1. Solre by approximation the eqaation 

An%, z s -^ 0,25. 

2. Solve bj approximation the equation 

2* = i. 

iin5. X ss — 1,58. 



SECTION II. 
Nature and Propertiks of Logarithms. 

4. The root' of the equation 

h* z=i m 

is called the logarithm of m ; and since, by the pre* 
ceding section, this root can be found for any value 
which m may have, it follows that every member 
has a logarithm. The logarithm of a number is usual- 
ly denoted by hg. before it, or simply by the fetter /. 

5. But the value of the logarithm varies with the 
value of by and therefore the value of 6, which is 
called the base of the system of logarithmsj is of great 
importance j and the logarithm of a number, may be 
defined as the exponent of the power to which the base 
of the system must be raised in order to produce this 
number. 
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Logarithm of Product and of Power. 

6. Corollary. When the base is less than unity, it 
follows, from art. 3, that' the logarithms of all num- 
bers greater than unity are negative, while those of 
all numbers less than unity are positive. 

But when, as is almost always the case, the base is 
greater than unity, the logarithms of all numbers 
greater than unity are positive, while those of all 
numbers less than unity are negative. 

» 

7- Corollary. Since 

6^= 1, 

it follows that the logarithm of unity is zero in all 
systems. 

8. Theorem. The sums of the logarithms of several 
numbers is the logarithm of their continued product. 

Demonstration. Let the numbers be m, m', m", &c., and 
let b be the base of the. system ; we have then 

Jlog.m _,,^^ 

the product of which is, by art. 25, 

5 lof . m + log. «' 4- lof . «" + &c. :==: mm' m" &C. 

Hence, by art. 5/ 

log. m m' m" 6lc. = log. m -f- log. m' -f' log. m" -|- &c. 

9. Corollary. If the number of the factors, m, m\ &c. is 
n, and if «they are all equal to each other, we have 

log. mmm &c. ^= log. m -f- log. m -f- log. m -|^ &c. 

or 

log. m* = n log. m ; 
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Logarithm of Root, Quotient, aDd Reciprocal. 

that is, the logarithm of any power of a number is 
equal to the logarithm of the number multiplied by 
the exponent of the power. 

10. Corollary. If we substitute 

nt = V>, 
iu the above equation, it becomes 

n 

log. p = n log. Vp, 
or 

log. ^p = ?^ . ^ 

that is, the logarithm of any root of a number is equal 
to the logarithm of the number divided by the expo- 
n ent of the root. 

11. Corollary* The equation 

log. m m' = log. m -}- log. m/^ 

gives log. m' = log. mm/ — log- m ; 

that is, the logarithnv of one factor of a product is 
equal to the logarithm of the product diminished by 
the logarithm of the other factor ; or, in other words, 

The logarithm of the quotient is equal to the loga- 
rithm of the dividend, diminished by the logarithm of .^ 
the divisor. 

12. Corollary. We have, by arts. 11 and 7, 

log. - = log. 1 — teg. n 

= — log. n; 

that is, the logarithm of the reciprocal of a number is i 

the negative of the logarithm of the number. 
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Logarithms in diffei*ent Systems. 

13. Corollary. Since zero is the reciprocal of in- 
finity, we have 

log. 0= — log. 00 = — 00 ; 

that is, the logarithm of zero is negative infinity. 

N t 

14. Corollary. Since we have 

. 61 = 6, 
the logarithm of the base of a system is unity, 

16. Theorem. If the logarithms of all numbers are 
calculated in a given system^ they can be obtained for 
any other system by dividing the given logarithms 
by the logarithm of the base of the required system 
taken in the given system. 

Demonstration, Let b be the base, of the given system, 
and b' that of the required system'; and denote by log. the 
logarithms in the given system, and by log.' the logarithms 
in the required system. Taking then any number m, we 
have, by art 5, 

7 



and 


■ 




6'i<«^«=m; 


whence 






j/log-'m -_ (log.m. 



If we take the logarithms of each member of this equation 
in ^the given system, we have, by arts. 9 and 14, 

log.' m X log. y =ss log. m X log. b = log. m, 

or, dividing, by Ipg. &', > 

, . . log. m 

log.' m = ■ ° ., . 

® log, b' 
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SECTION III.. 

COMMOX LOOAKITHMS AHfl? THBIR U«SS. 

16. The base of- the system af logarithms in dom- 
pion use is 10. 

17. Corollary, Hence, in common logarithms, we have, 
by arts. 14 anci 7, 

log. 1=0, 

log. 10 = 1, 
log. 100 = log. 10^ = 2, 
log. 1000 = log. 10^ = 3, 
log. 10000 = log. 10* == 4, . ' 

d&c* d&c. 

also log. 0,1 = log. 10- i = — 1, 

log. 0,01 «s log. lQ-^^—% 
log. 0,001 = log, 10-J = — 8, 
&c. &c. ; 

that is, the logarithm of a numbef, which is composed 
of a figure 1 and cyphers, is equal to the number of 
places by which thefigttre 1 is removed from the place 
of units; the logarithm being positive when the figure 
I is to the left of the units^ place, and negative when ii 
is to the right of the units* place. 

18. Corollary, If, therefore, a number is 

between 1 and 10, its log. is between and 1, 
if between 10 and 100, its log. is between 1 and 2, 
if between 100 and 1000, its log. is between 8 and 3, 
and so on. 
But if between 0,1 and 1, its log. is between -* 1 and 0, 
if between 0,01 dz^ 0,1, its log. is between — 2 and — 1, 
and so on. 
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To fiod the Logarithm of a given Number. 

Hence, if the greatest integer contained in a loga* 
rithm is called its characteristic, the characteristic of 
the logarithm of a number is equal to the number of 
places by which its first significant figure on the left 
is removed from the units* placsj the characteristic 
being positive when this figure is to the left of the 
units^ place, negative when it is to the right of the 
units'* place, and zero when it is in the units^ place, 

19. Logarithms hare been found of such great 
practical use, that much labor has been devoted to 
the calculation and correction of logarithmic tables. 
In the common tables they are given to 5, 6, or 7 
places of decimals., In almost all cases, however, 
6 places of decimals are sufficiently accurate ; and it 
is, therefore, advisable to save unnecessary labor, ^and 
avoid an increased liability to error, by omitting the 
places which may be given beyond the first five. 

20. Problem, To find the logarithm of a given 
number from the tables. 

Solution, First. Find the charucterisiic by the 
rule of art 18. 

The characteristic is the most important part-of the loga- 
rithm, and yet the unskilful are very apt to err in regard to 
it, not appearing to consider that an error of a single unit in 
its value will give a result 10 times ias great or as small as it 
should be. ' 

If the characteristic thus found is negative, the 
negative sign is usually placed above it, that this sign 
m^y not be referred to the decimal part of the loga^ 

23 
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FindiDg a Logarithm. 

rithm, which is always positive. Bui calculators are 
in the habit of avoiding the perplexity of a negative 
characteristic by subtracting its absolute value from 
10, and toriting the difference in its stead; and, in 
the use of a logarithm so written, it m>ust not be for" 
gotten that it exceeds thq true value by 10. 

Secondly, In finding the decimal part of the logo-' 
rithm, the decimal point of the given number is to be 
wholly disregarded, and any cyphers which may pre- 
cede its first significant figure on the left, or follow its 
last significant figure on the right, are to be omitted. 

When the number thus simplified is contained 
within the limits of the tables, which we shall regard 
as extending to numbers consisting of four places, 
the decimal part of its logarithm is found in a hori'* 
zontal line with its three first figures, and in the 
column below its fourth figure; the second, third, 
and fourth figures, when wanting, being supposed to 
be cyphers. 

When the number consists of more than four places, 
and is, therefore, beyond the limits of the tables, point 
off its first four places on the left and consider them 
as integers, regarding the other places as decimals. 

Care must be taken not to confound the decimal point 
thus introduced with the actual decimal point of the number, 
of which it is altogether independent. 

Find, in the toMes, the decimal logarithm corre- 
spending to the integral part of the number thus 
pointed off ; and also the difference between this logch^ 
rithm and the one next above it, that is, the logarithm 
of the number which exceeds this integral part by 
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Finding a Logarithm. 

, .1 - -- - - --■■-. —. — . ■ ^^ — , — ^ ^ — . — — . — 

unity ; this difference is often given in the margin of 
the tables. 

Multiply this difference by the decimal part of the 
number as last pointed off, and omit in the product as 
many places to the right as there are places in this 
decimal part of the number. 

The product^ thus reduced^ being added to the deci' 
mal logarithm of the integral part of the number, is 
the decimal part of the required logarithm. 

21. Corollary. This process for finding the decimal part 
of the the logarithm of a number, which exceeds the limits 
of the tables, is founded on the following law, easily deduced 
from the inspection of the tables. 

If several numbers are nearly equal, their differ^ 
ences are proportional to the differences of their loga^ 
rithms. 

EXAMPLES. 

l.« Find the logarithm of 0,00325787. 

Solution. The characteristic is — 3, instead of which 
may be written 10 — 3 = 7. 

For the decimal part, the number is to be written 

3257,87 ; 
and we have 

log. 3258 — log. 3257 = 15 

now, multiplying by .87 



and omitting two places 105 

on the right, 120 

we have 13 

w4)ich, added to log. 3257 = 51282 ^ 



gives 51295 ; 
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Number corresponding to Logarithm. 



and th« reqaired logarithm i» 

' log, 0,00325787 = 3751295, 
or, it may be j¥ritten 7.51295. • 

2. Find the logarithm of 1.8924. Ans. 0,27701. 

3. Find the logarithm of 757.823000. ' Ans. 8,87956. 

4. Find the logarithm of 0,00041359. 

Ans. T61657, or 6,61657. 

5. Find the logarithm of 0,12345. 

Ans. T09149, or 9,09149. 

6. Find the logarithm of 99998. Ans. 4,99999. 

22. Problem. To Jind the number corresponding to 
a given logarithm. 

Solution. First. In Jinding the fgures of the re- 
quired number^ the characteristic is to be neglected* 

When the decimal part of the given logarithm is 
exactly contained in the tables^ its corresponding num- 
ber can be immediately found by inspection. 

But when the given logarithm is not exactly con-' 
tained in the tables, the number, corresponding to the 
logarithm of the table which is next below it, gives 
the four first places on the left of the required num- 
ber. 

One or two more places are found by annexing one 
or two cyphers to the difference between the given 
logarithm and the logarithm of the tables next below 
it, and dividing by the difference between the logarithm 
of the tables next below and thai next above the given 
logarithm. 
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Number corresponding to Logarithm. 

When tables are ased in which the logarithms are given 
to five places, the accuracy of the corresponding numbers is 
never to be relied upon to more than 6 places, and rarely to 
more than 5 places ; so that in finding the last quotient, one 
fdace is usually sufficient. 

Secondly. The position of the decimal point of the 
required number depends altogether upon the charaC'- 
teristic of the, given logarithm, and is easily ascer- 
tained by the rtUe of art. 18 ; cyph^s being prefixed 
or annexed when required, 

CXAMPLC8. 

1. Find the number, whose logarithm is 8.19335. 

Solution, We have for the logarithm of the tables next 
bflow the given logarithm 

,19312 = log. 1560. 
Hence / 

the diff. between given log. and log. 1560 = 13, 

' also log. 1561 — log. 1560 = 28, 

and the quotient i|f o = 46 

gives the two additional places; so that the six places of 
the required number are 

156046; 
and the number is, therefore, 

156046000, 

2. Find the number, whose logarithm is 2,1351 h 

Ans. 136,493. 

3. Find the number, whose logarithm is 1,76888. 

Ans^ 58,7328. 

4. Find the number, whose logarithm is 0,11111. 

Ans. 1.29154. 
23* 
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Multiplicafioii of Logarithms. 

6. Find the number, whose logarithm is 2,98357. 

Ans. 0,0962875. 

6. Find the number, whose logarithm, when written 10 

more than it should be, is 9,35846. 

Ans. 0,22828. 

23. Problem. To Jfnd the product of two or' more 
factort hy means of logwrithms. 

Solution. Find the sum of the logarithms of the. 
factors^ and the number , of which this sum is the 
logarithm^ isy by art. 8, the required product. 

When the logarithm of any of the factors is written^ as 
in art. 20, 10 m^ore than its true value y a^s many times 
10 should be subtracted from the result as there are 
such logarithms. 

EXAMPLES. 

1. Find the continued product of 78,052, 0,6198, 341000, 
100,008, and 0,0009. 

Solution. We find, from the tables, 

log. 78,052 = 1,89238 

10 + log. 0,6198 = 9,79086 

log. 341000 = 5,53275 

log. 100,008 = 2,00003 

10 + log. 0,0009 = 6,95424 

log. 1479960 6,17025 

and the required product i? 1479960. 

In the sum of the preceding logarithms 20 was 
neglected, because two of the logarithms were 
written 10 more than they should be. 

2. Find the continued product of 0,0001, 7,9004, 0,56, 
0,032569, and 17899,1. Ans. 0,259347. 
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Involution by Logarithms. 

3. Find the continued product of 3,1416, 0,559, and 
64,01. Ans. 112,41. 

4. Find the continued product of 3,26, 0,0025, 0,25, 
and 0,003. Ans. 0,00000611257. 

24. Problem. To find any power of a given number 
by rrieans of logarithms. 

Solution. Multiply , the logarithm of the given 
number by the exponent of the required power , and the 
number^ of which this product is the logarithm^ is, 
by art. 9, the required power. 

When the, logarithm of the given number is written 
10 more than it should be^ as many times 10 mu^t be 
deducted from the product as there are units in the 
given exponent. 

EXAMPLES. 

1. Find the 4tb power of 0,98573. 

Solution. We have, by the tables 

10 + log. 0,93$73 = 9,99375 
multiply by 4 

10+ log. 0,9446 =9.97500 

and the required power id 0,9446. 

In the above product, 40 should have been neg- 
lected, but in order to avoid a negative character- 
istic, only 30 was neglected, leaving the exponent 
10 too large. 

2. Find the third power of 0,25. Ans. 0,015625. 

3. Find the 7th power of 3,1416. Ans. 3020,28. 

4. Find the square of 0,0031422. 

Ans. 0,00000967335.^ 
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Evolution by Logftrithms* 

26. Troblem. To fnd any root of a given number 
by means of logarithms. 

Solution. Divide the logarithm of the given num^ 
her by the exponent of the required rooty and the 
number y of which this quotient is the logarithm^ iSy 
by art. 10, the required root. 

When the logarithm of the given number has a 
negative characteristic^ instead of being increased by 
10, it should be increased by as many times 10 as 
there are units in the exponent of the rooty and the 
quotient will in this case exceed its true value by 10. 

EXAMPLES. 

1. Find the fifth root of 0,028145. 
Sohitian. We ha?e, by the tables, 

50 + log. 0,028145 = 48,44940, 
which, divided by 5, gives 

10 + log. 0,480644 = 9,68988; 
and the required root is 0,489644. 

2. Find the cube root of 0,002197. Ans. 0,13. 

3. Find the 10th root of 0,000.000001. iift5. 0,12589. 

4. Find the square root of 238,149. Ans. 15,4317. 

26. The arithmetical complement of » logarithm 
is the remainder after subtracting it from 10. 

27. Corollary. The arithmetical comflement of 
the logarithm of a number is, by art. 12, arid the pre^ 
ceding articlcy the logarithm of its reciprocal increase 
ed by 10. 
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Arithmetical Complement. 

■ > ,11 ' » 

28. Corollary. The most convenient method of 

finding the arithmetical com/plement of a logarithm 

is to subtract the first significant figure on the right 

from 10, and each figure to the left of this figure 

from 9. 

EXAMPLES. 

1. Find the arithmetical complement of 9,62595. 

Arts. 0,37405. 

3. Find the arithmetical complement of the logarithm 
of 6. Ans. 9,22185. 

3. Find the arithmetical comf^ement of the logarithm of 
0,07. Ans. 11,15490. 

4. Find the reciprocal of 0,01115. 

Soiulion* We ha?e, by the tables, 

log. 0,01 115 (ar. co.) 11,95273 
subtract 10 



log. 89,608 1.95273 

and the required reciprocal is 896,8. 

5. Find the reciprocal of 2330. Ans. 0,00042918. 

6. Find the reciprocal of 68,99. Ans. 0,014494. 

29. Problem. To find the quotient of one number 
divided by another by means of logarithms. 

Solution. Subtract the logarithm of the divisor from 
that of the dividend^ and the number^ of which the 
remainder is the logarithm,^ is^ by art. 11, the required 
quotient. 

Or, since, by art. 58, multiplying by the reciprocal 
of a number is the same as dividing by it, add the 
logarithm of the dividend to the arithmetical complcr 
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Division by Logarithmi. 



ment of the logarithm of this divisor ^ and the sum 
diminished by 10 is the logarithm of the quotient 

When the logarithm of the dividend is written 10 
m4)re than its true value, 20 must be subtracted from 
the sum, instead of "iO. 



EXAMPLES. 

1. Divide 0,01478 by 0,9243. 

Solution. We have, by the tables, 
10 + log. 0,01478 

log. 0,9243 (ar. co.) 



10 + log. 0,01599 
aod the required quotient is 0,01599. 

2. Divide 0,00615 by 0,0025. 

3. Divide 40,32 by 2240. 

4. Divide 0,875 by 25. 

5. Divide 0,013 by 0,13. 



8,16967 
10,03419 

8,20386 

Ans. 3,26. 

Ans. 0,018. 

Ans. 0,035. 

Ans, ' 0,1. 



30. Corollary. The value of any fraction may be 
found by adding together the logarithms of all the 
factors of the numerator and the arithmetical comple- 
ments of all the factors of the denominator, and sub' 
tracting from the sum as many times 10 as there are 
arithmetical complements plus as many times 10 as 
there are logarithms of the factors of the numerator y 
which are written greater than their true value by 10 ; 
the remainder is the logarithm of the fraction. 



EXAMPLES. 



1. Find the value of the fraction (Q>^7)' X \/19,81 

(l,23)*X(0,005)a 
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Various Examples of the Use of Logarithms, 

Solution. We have, from the tables, 

10 -}- log. (0,337)7 6,70185 

log. V 19,81 0,64844 

\ log. (1,23)* (ar.co.) 9,97023 
log. (0,005)2 (ar. co.) 14,60206 

log. 3.672 1,92258 

and the required ? alue is 83^672. 

« T^. ^ 1^ , ^ .. e ' « /0,365XV2\ 

2. Find the ?alue of the fraction /^ I — I. 

Ans. 0,2308. 

««..,_ , \. ,. !» . » /347 X \/0,0073 v 

3. Find the ?alue of the fraction /^ I ^ \ ^ 

^ 126 XVt ' 

Ans. 1 ,0666. 

31. Corollary. The logarithm of the fourth term 
of a proportion is found by adding together the arith" 
metical complement of the logarithms ofthefrst term 
and the logarithms of the second and third terms. 



EXAMPLES. 

m 

1. Find the fourth term of the proportion 

963 : 1279 = 8,7 : x. 

SoluHon. log. 969 (ar.co.) 7,01637 

log. 1279 3,10687 

log. 8,7 0,93952 

log. 11^555 1,00276 

and we have x = 11,555. 

2. Find the fourth term of the proportion 

0,0138 : 0,319 = 76,5 : z. 

Ans. X = 1768,3. 
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ExpoDODtial Equation. 

t 32. Problem. To solve the exponential equation 

a* = tn, 
by means of logarithm's. 

Solution, The logacithms of the two members of this 

equation give 

X log. a = log. m ; 

hence log. m 

log. a' 

or log. X 2c log. log. m : log. log. a ; 

that is, the root of this equation is equal to the loga- 
rithm of m divided by the logarithm of a, and this 
quotient may be obtained by the aid of logarithms. 

EXAMPLES. 

1. Solve the equation 

625* = 3125. 

Solution. We have, from the tables, 

log. 3125 = 3,49485, 

log. 625 = 2,79588; 
and also ' 

log. log. 3125 = log. 3,49485 = 0,54343 

log. log. 625 = log. 2,79588 = 0,44642 

log. % ^ log. 1,25 0,09701 ; 

hence x = 1,25. 

2. Solve the equation * 

3* == 15. 

Ans. X =r 2,464. 

3. Solve the equation 

10* = 3. 

Ans. X = 0,477. 

THE END. 



